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Abstract: Many papers about wireless power transfer use resonant phenomena. In general if input frequency
is adjusted to the resonant frequency, the amplitude of current or voltage will be maximal. Since the power of
resistive load is determined by its current or voltage, the power will be maximal at the resonance. As for wireless
power transfer, it is one of significant specifications to transfer power as much as possible. Then it is natural to
try to maximize transmitted power with resonant phenomena. On the other hand, efficiency is another significant
specification on wireless power transfer. However efficiency is defined as a ratio with two different powers, and it
cannot be concluded that efficiency is always maximal when either power is maximal. Therefore efficiency has no
straightforward relation with resonance in contrast with the relation between resonance and power. In this paper,
we show an example which cannot realize the maximal efficiency, although resonant phenomena are caused and
discuss why the situation is caused. An analytical method for wireless power transfer is clarified and how to choose
an optimal frequency is scrutinized. The power of transmitting and receiving sides and efficiency are calculated by
using mathematical models, e.g. a state equation, a transfer function.
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1 Introduction

Most of devices that are driven by electric power are
usually fed via electric wires connected to AC power
supply. On the other hand, some of electric devices are
required or designed to be fed without electric wires
— in the way of called WPT (wireless power trans-
fer). Since the amount of power provided by WPT is
usually restricted compared with wired power trans-
fer, WPT has not been used for many applications.

In 2007, a successful experiment that could wire-
lessly transfer practical amount of power away from
sixty centimeters was reported[1]. The heart of the
experiment was to generate resonant phenomena of
electromagnetic coupling between transmitting and
receiving coils. After the pioneering study[1], many

researchers have tried to develop theory and experi-
ments for WPT. In[2] a structure of circuit was de-
vised in order to raise the factor Q of circuits, since
better WPT needs higher values of the factor Q. In
[3] devised antennas are proposed to be used for a di-
rected energy radiation in order to implement efficient
WPT. In [4] the effect of radiation energy to human
body was discussed.

It is generally understood that resonant phenom-
ena will be caused if one tunes the frequency of AC
power supply to the natural frequency of a circuit.
The natural frequency is determined by the values of
circuit elements; especially, the mutual inductances
which relate transmitting and receiving sides of the
circuit play an important role. These values are deter-
mined by the radii, winding numbers, and relative po-

WSEAS TRANSACTIONS on CIRCUITS and SYSTEMS
Kazuya Yamaguchi, Takuya Hirata, 
Yuta Yamamoto, Ichijo Hodaka

E-ISSN: 2224-266X 218 Volume 13, 2014



sition of two coils[5]. It is important to know the rela-
tion between the relative position of coils and mutual
inductances because the position of the coils could be
changed in various reasons.

For extending the usage of WPT, the most impor-
tant specification for WPT is power and efficiency of
transmission. In many literatures, causing resonant
phenomena should lead to high power and efficient
WPT. However, little is known about how resonance
brings the best performance of WPT based on a con-
crete and mathematical aspects.

In this paper, we propose a series of procedures
to analyze relations between the resonant frequency,
obtained average power at the receiving side, and the
ratio of the average power at the receiving side to the
average power at the transmitting side that is called an
efficiency of WPT. Our procedures are based on the
differential equations in the form which commonly
used in control theory. This gives us a benefit that we
can manipulate different transfer functions and write
the relations under investigation in a clear and unified
manner. Consequently, we will assert that resonance
does not imply the optimization of efficiency of WPT
in general, by observing derived equations.

To illustrate this situation that should be care-
fully treated, we pick one of most common circuits
for WPT, and put practical values into the circuit ele-
ments, and then we demonstrate the situation numer-
ically. In fact, although we have the case when res-
onance is equivalent to maximization of efficiency of
WPT, we have another case when resonance leads to
loss of efficiency of WPT. Thus we propose to use the
way of modelling by mathematical equations and to
describe the targets into equations for WPT systems.

2 Analysis of Wireless Power Trans-
fer Circuit

2.1 Wireless power transfer circuit and its
mathematical model

We study a typical circuit for WPT depicted below[6].
Despite of the placement of two coils in the figure, we
assume they have a common central axis.

Figure 1A Wirelss Power Transfer Circuit

The resistorR1 is supposed to represent an in-
ternal impedance of the power supply, andR4 the
load.R2, R3, C1, C2 are parasitic factors of transmit-
ting and receiving coils. This circuit is mathematically
modelled as the following state equation. This type of
expression is widely used in control theory. In par-
ticular one can write the model of WPT circuits in a
compact form, and obtain a clear perspective to anal-
ysis of stability and responses with a sinusoidal input
u = sinωt.

ẋ = Ax+Bu, ẋ = dx
dt (1)

x =


v1
v2
i1
i2


A =

1

∆


0 0 ∆

C1
0

0 0 0 ∆
C2

−L2 M2 −(R1 +R2)L2 (R3 +R4)M2

M1 −L1 (R1 +R2)M1 −(R3 +R4)L1



B =
1

∆


0
0
L2

−M1


∆ = L1L2 −M1M2.

Thederivation of equation (1) from the circuit is
straightforward and omitted here. It is convenient to
use a symbolic computing software when we try to
find state equations such as the equation (1)[7].

2.2 Formulation of average power and effi-
ciency

The purpose of this paper is to investigate the relation
between the frequency of AC supply voltage, the aver-
age power delivered to the receiving side, and the effi-
ciency of average power transmission. The efficiency
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is definedas the ratio of the average power obtained at
the receiving side against the average power supplied
at AC power supply. Thus we formulate equations of
the average powers at transmitting and receiving sides,
and of the efficiency in the following.

We discuss the stability of matrixA. First, the
characteristic polynomialf(s) of A is found as fol-
lows.

f(s) = s4

+
(R1 +R2)L2 + (R3 +R4)L1

∆
s3

+
1

∆

(
(R1 +R2)(R3 +R4) +

L2

C1
+

L1

C2

)
s2

+
1

∆

(
R1 +R2

C2
+

R3 +R4

C1

)
s

+
1

∆C1C2
(2)

The rootsof f(s) = 0 are the eigenvalues ofA. We
can confirm thatA is stable because these eigenval-
ues have all negative real parts and Hurwitz stability
criterion is satisfied underR1+R2 > 0, R3+R4 > 0.

Since the matrixA in the equation(1) is stable,
the solution to the equation(1) will be stationary af-
ter time have passed adequately. The stationary solu-
tion with a sinusoidal inputu = sinωt will have the
same frequency of the input. The stationary solution
of equation (1) is given as follows.

xs(t) = −[ωIcosωt+Asinωt](ω2I +A2)−1B (3)

I is a 4-dimensional identity matrix. As for the equa-
tion (3), the following condition is satisfied.

lim
t→∞

|x(t)− xs(t)| = 0 (4)

In general, the average powersP1 andP4 which
are at the AC supply and the load in the receiving
side respectively, and then the efficiencyη depends
on the frequency of AC supply. These stationary val-
ues can be all expressed in terms of transfer functions.
Here we setG1(s) andG2(s) as the transfer func-
tions from the inputu to i1 andi2, respectively. With
the equation (1), these transfer functions are written in
G1(s) = H1(sI−A)−1B,G2(s) = H2(sI−A)−1B,
whereH1 = [0, 0, 1, 0] andH2 = [0, 0, 0, 1].

The equations ofis1, is2, which are the third and
fourth rows of equation (3) are written as follows.

is1(t) = |G1(jω)|sin(ωt+ θ)

is2(t) = |G2(jω)|sin(ωt+ ϕ) (5)

θ, ϕ are the arguments ofG1(jω), G2(jω) respec-
tively.

And the average powersP1 and P4 under sta-
tionary situation are expressed as below with a period
T = 2π

ω .

P1 =
1

T

∫ T

0
is1(t)(u(t)−R1is1(t))dt

P4 =
1

T

∫ T

0
R4is2(t)

2dt (6)

Therefore, ifthe equation (5) andu = sinωt are sub-
stituted in the equation (6),P1, P4 and efficiencyη are
written as below.

P1 =
1

2

(
Re[G1(jω)]−R1|G1(jω)|2

)
P4 =

1

2
R4 |G2(jω)|2

η =
P4

P1
. (7)

2.3 Resonanceand average power

In view of the equation(7), we see that if one puts
an AC input voltage with the frequency which gives
the maximal gain of the transfer functionG2(s) (the
gain is calledH∞-norm), one will have the maximal
average power at the receiving side.G2(s) is found
from the equation (1) and (2) as below.

G2(s) =
1

∆
× −M1s

3

f(s)
(8)

To illustrate the situation, we set values of circuit
elements as below. These values are given by consult-
ing a practical situation of WPT[2].

Table 1: parameters
elements values elements values

R1 50Ω L2 10µH

R2 0.1Ω M1 0.5µH

R3 0.1Ω M2 0.5µH

R4 50Ω C1 1nF

L1 10µH C2 1nF

The bodediagram ofG2(s) is shown as below.
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Figure 2Bode Diagram

In this case the resonance will occur at the unique
frequencyω = 1.00 × 107rad/sec and we have the
maximal average power at the receiving side if we use
a sinusoidal wave with the resonant frequency.

And the graphs of instantaneous powers
p1(t), p4(t) with ω = 1.00 × 107rad/sec are shown
as follows.

Figure 3Instantaneous Powersp1(t), p4(t)

For the simulation, the numeric computer MATLAB
is used. From the above figure, we can see thatp1(t)
andp4(t) become stationary waves when time passes
sufficiently because the matrixA is stable[8]. We
should notice it because WPT circuits have low resis-
tances in general and they take a long time to become
a stationary state.

2.4 Resonance and efficiency
Based on the equation(7), we can observe that the re-
lation between the input frequency and the efficiency
of WPT is not straightforward. Many other papers
state that using an AC input voltage with a resonant
frequency is optimal or better in the design of WPT. In
the previous section, we have clarified that using the
input with resonance maximizes the average power at

the receiving side. However, the efficiency of power
transmission can be maximized either when one use
resonance or when one use nonresonance. This diffi-
cult situation is illustrated by numerical examples in
the following.

First, powerP4 and efficiencyη with the condi-
tion of Table 1 are shown as below.

Figure 4Power and Efficiency for Table 1

Then,η is maximized when

ω = 1.07× 107rad/sec (9)

as previously known in[9].

Another example is shown as below. The values
of elements are set as Table 2. The only difference
between Table 1 and Table 2 is the value ofC1.

Table 2: parameters
elements values elements values

R1 50Ω L2 10µH

R2 0.1Ω M1 0.5µH

R3 0.1Ω M2 0.5µH

R4 50Ω C1 0.1nF

L1 10µH C2 1nF
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Figure 5Power and Efficiency for Table 2

By comparing Figure 4 and Figure 5, we see that
the frequencies which respectively maximize power
and efficiency are different.

The variation of efficiency by changing the value
of R4 with resonance is shown as below. The values
in Figure 1 are set as Table 1 except forR4.

Figure 6variation of efficiency by changingR4

From Figure 6, If the value ofR4 is high, highly effi-
cient WPT cannot be expected.

And the variation of efficiency by changing the
values of mutual inductances (M1 = M2 = M ) with
resonance is shown as below. The values of elements
in Figure 1 are set as Table 1 except forM1 andM2.

Figure 7variation of efficiency
by changingM1 andM2

From Figure 7, if the values of mutual induc-
tances are high, highly efficient WPT with more than
90% efficiency can be expected. In this situation, it
can be considered that the magnetic connection of two
coils is strong and the energy loss between these is
low.

3 Conclusion
In this paper, we have pointed out that using a reso-
nant frequency of AC voltage input does not lead to
maximize the efficiency of average power transmis-
sion, although resonance is equivalent to maximiza-
tion of output average power, in general WPT sys-
tems. In fact, we have illustrated a situation that non-
resonance maximizes the efficiency of power trans-
mission by numerical examples. This suggests that
we should take both of output power and efficiency
into account and then decide a balanced working fre-
quency, in the case that resonance is not equivalent to
the maximal efficiency. For example, the maximum
power is desirable if an AC power supply can serve
enough power, but the maximum efficiency is best if
the supply can serve less power.　On the other hand,
as another method, a feedback is added to a sinusoidal
wave and it is used as a new input to improve power
and efficiency[10].

Even one of the simplest WPT circuits treated in
this paper may have disagreement between resonance
and efficiency. Therefore, one will face on further
difficulty to design better WPT when one tries more
complex circuit with more elements in order to meet
an increasing design specification.
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