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Abstract: - This paper presents a novel, simple and accurate delay estimation model for single interconnect and 
tree interconnects, which is based on new matrix Pade-type approximant (MPTA). The proposed model 
provides a simpler rational function approximation for estimating delay and overshoot in lossy VLSI 
interconnects. Computational complexity is reduced by considering rational function denominator as scalar 
polynomial and avoiding matrix inversion. With the reduced order lossy interconnect transfer function, finite 
ramp responses are obtained and line delay and signal overshoot are estimated. The estimated delay and 
overshoot values are compared with the existing Pade model and HSPICE W-element model. Single 
interconnect 50% delay results are in good agreement with those of HSPICE within 0.5% error while the 
overshoot error is within 1% for a 1 mm long interconnects. For global lines of length more than 1 mm in SOC 
(system on chip) applications, the proposed model is found to be nearly two times more accurate than existing 
Pade model. Tree interconnects 50% delay values are also well agreeing with HSPICE and better than existing 
U-transform model. Furthermore the proposed model is computationally more efficient than HSPICE, Pade 
model and U-transform model. 
 
 
Key-Words: - Delay, matrix rational model, ramp input, RLC interconnects, transient analysis, transfer 
function, Distributed tree interconnect, new MPTA approximant, U-transform. 
 
1 Introduction 

Accurate estimation of delay and overshoot is 
crucial for the design of high speed systems in VLSI 
technology. As the physical dimensions scale down, 
interconnect delay dominates the gate delay in 
determining circuit performance [1]. Hence, for the 
design of complex circuits, simple, fast and more 
accurate analytic models are useful for IC designers 
to predict the interconnect effects. 

Originally VLSI interconnects were modeled as 
RC lines and single pole Elmore-based models [2], 
[3] because of long channel device delay dominance 
over negligible interconnect delay. However the 
Elmore model fails at high frequencies since it does 
not consider the inductance effects [4]. It is 
necessary to use a second-order model, which 
includes the effect of inductance. Kahng et al. 
considered equivalent Elmore delay model based on 
the Resistance Inductance and Capacitance (RLC) 
of the interconnects [4] and [5]. Ismail et al. [6] 
proposed a two pole model to capture far end time 
domain solution for single line interconnect. 

A simplified voltage transfer function obtained 
using Taylor series approximation for transient 
analysis [7], [8] has less accuracy in delay 

calculation. Nakhla et al. [9] use modified nodal 
analysis (MNA) for obtaining far end and near end 
responses of interconnects. Roy [10] extended [9] 
for obtaining more accurate far end responses of 
coupled RLC interconnects using delay algebraic 
equations. 

A matrix rational-approximation model for 
SPICE analysis of high-speed interconnects is 
presented by Dounavis et al. [11], [12].  However, 
the approximations made to derive these models 
contributed to more inaccuracy. This has been 
improved using Pade approximation model [13] to 
estimate the delay of interconnects. All the above 
models still suffer from accuracy and computational 
inefficiency and need better models to efficiently 
estimate delay and overshoot of interconnects. 
Further, none of these models considered the 
analysis of tree structures. 

In general, interconnects are in the form of tree 
rather than a single line. Thus, the time-domain 
response and delay estimation for interconnect trees 
are of primary importance. Initially, the Elmore 
delay model was developed for lumped resistor-
capacitor (RC) trees [14]. Later this model was 
extended to include distributed models of RC trees 
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[15] [16] and lumped Resistor Inductor-Capacitor 
(RLC) trees [17]-[19]. These models provide 
analytical delay formulas by simplifying the sub-
tree interconnect with capacitance model, which 
results in limited accuracy. To include transmission 
line effects, a numerical method based on ABCD 
matrix and moment matching technique was 
developed for distributed RLC trees [20]. All the 
above models need improvements for accurate delay 
estimations as they suffer from various inaccuracies. 

A clock signal is generally derived from a 
common global clock source and distributed through 
tree interconnect networks and hence experiences 
delay. Unfortunately, the delay at any point on a 
VLSI chip cannot be estimated exactly, resulting in 
delay uncertainty [24]. Hence, various delay 
estimation models are proposed for estimation of 
delay of global interconnect tree structures. 

The performance of a synchronous circuit is 
heavily dependent on the design of a clock 
distribution network. RLC interconnect trees are 
common structures in clock networks. An accurate 
model of an RLC interconnect tree is therefore 
critical in modern digital circuit design. In this 
paper, a more accurate analytic delay model is 
proposed. The concepts developed by Dounavis et al 
[11]-[13] for on-chip RLC interconnects are 
extended in the proposed model. For a given 
number of terms used in the transform, the MPTA 
requires less algebraic manipulations than the Pade 
and U-transform models and thus computationally 
less expensive. The Matrix Pade Type 
Approximation (MPTA) model is used to solve the 
Telegrapher’s equations of tree interconnects for the 
first time. The proposed model is based on MPTA, 
[22] and [23] which is simple in structure and easier 
to implement.  

The proposed algorithm is tested for both single 
interconnect and tree structure networks. The single 
interconnect estimated delay and overshoot values 
are compared with those of Pade model [13] and 
HSPICE and found to be more promising for global 
interconnects of length 1-5 mm. Similarly tree 
interconnect results are compared with those of 
existing model [21] and found to be more accurate 
than existing U-transform based model. This is due 
to the fact that the Pade model with rational matrix 
approximation has numerator and denominator 
matrices requiring inverse matrix operations leading 
to severe computational complexity. The proposed 
MPTA model reduces the computational complexity 
by considering rational function denominator as 
scalar polynomial and avoiding matrix inversion. 

The remainder of the paper is organized as 
follows. Section 2 briefly describes the 

mathematical analysis to determine the linear 
transfer function of RLC interconnects and to find 
the time domain response. Section 3 deals with the 
distributed tree interconnect modeling, while section 
4 presents the proposed new MPTA model. Section 
5 deals with the validation of the proposed model. In 
this section simulation results are compared with 
standard HSPICE and existing models. Conclusions 
appear at the section 6.  

  
 
2 Analysis of RLC Interconnect  
The analysis of on-chip RLC interconnects begins 
with Telegrapher’s equations in frequency domain.  
All the closed-form RLC interconnects models 
assume quasi-TEM (transverse electromagnetic) 
mode of signal propagation. The Telegrapher's 
equations are a pair of linear partial differential 
equations, which illustrate the voltage and current 
on a transmission line with distance and time as 
transmission line variables. 

The solution of interconnects are described by 
telegrapher’s equations as 

( ) ( ) ( ), ,V d s R sL I d s
x
∂

= − +
∂

    (1) 

( ) ( ), ,I d s sCV d s
x
∂

= −
∂

     (2) 
where ‘s’ is a Laplace-transform variable, ‘d’ is a 

variable which represents position; V(d,s) and I(d,s) 
stand for the voltage and current vectors of the 
transmission line, respectively, in the frequency 
domain; and R, L and C are the per unit length 
(p.u.l.) resistance, inductance, and capacitance 
matrices, respectively. 

The solution of (1) and (2) can be written as an 
exponential matrix function as 

 ( )
( )

( )
( )

, 0,
, 0,

dV d s V s
e

I d s I s
ϕ   

=   −      
              

(3a) 
Where 

       0
0
Z

Y
− 

ϕ =  − 
 

where ‘d’ is the length of the transmission line, 
with Z=R+sL and Y=sC. The exponential matrix of 
(3a) can be written in terms of cosh and sinh 
functions as 

( ) ( )
( ) ( )

1
0

0

cosh sinh

sinh cosh

d ZY Y d YZ
d

e Y d YZ d YZ

− −
 ϕ =  −  

     (3b) 

where 
1

0 ( )Y Y YZ −=  
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Equation (3a) does not have a direct 
representation in the time domain, so it is difficult to 
analytically predict the delay and overshoot of 
transmission lines. Hence, there is a need for 
approximate models. The basic idea of the matrix 
rational-approximation model is to use 
predetermined coefficients to analytically obtain 
rational functions for (3a). To obtain a passive 
model, the exponential function is approximated and 
the resultant model is used for obtaining time 
response. 

A single RLC line is shown in Fig. 1. The line is 
driven by a 1-V finite ramp with rise times of 0.1 ns 
and 0.05 ns. This represents a point-to-point 
interconnection driven by a transistor (modeled as a 
resistance Rs) and connected to the next gate 
(modeled as a capacitance Cl). 

Rs

Cl
Vin

R, L, C

d

 
Fig.1. Circuit model of the single-line distributed 

RLC interconnect. 

( ) ( ) ( ) ( )1
0 0

( )
( )

1 cosh sinh
in

f
s l s l

V s
V s

sR C d R Y sC Y d−
=

+ Γ + + Γ

 (4) 

where 
 YZΓ =  

In (4), Rs is the source resistance at the near end, 
Cl is the load capacitance at the far end, and Vin is 
the input voltage. It is extremely difficult to find the 
time domain response of this complex transfer 
function, hence an approximate transfer function has 
been derived using new MPTA model. The time 
domain response of this function is used for 
estimation of delay and overshoot in single RLC 
interconnect. 

 
 

3 Analysis of Tree interconnect 
In this section, the proposed MPTA model is 
extended to analysis of tree structures. More 
accurate results can be obtained by increasing the 
order of model. The computational complexity is 
linear with the size of the tree and increases with the 
order of model. 

Based on the analysis of single interconnect, the 
transfer functions for distributed trees can be 
derived from the above iterative method. The exact 
transfer functions are hyperbolic, exact, but very 
complicated. To simplify the transfer functions for 
distributed trees, the new MPTA method is used. 

Fig. 2 shows an example of a distributed RLC 
tree, which is often used to analyze clock 
distribution networks. The driver is modelled as a 
resistance Rs and connected to the Node N0. The leaf 
nodes (N4 to N6) are called leaves and connected 
with load buffers which can be used to drive the 
RLC trees in the next level. The load buffers are 
modelled by capacitors C0 to C3. All of the branches 
in the tree are represented by distributed RLC lines. 
The load capacitances of all leaf nodes are assumed 
to be same (100 fF).  

The transfer function from N0 to N1 is similar to 
that of single interconnect as presented in last 
section. The transfer function of any single branch 
can be obtained by (4), in which replace source 
resistance Rs by 0 and sCl by ZL.  

( ) ( )
,1 1

0cosh sinh

in
f

L

V
V

Yd dZ
−

=
 

Γ + Γ  
 

   (5) 

The total transfer function from N0 to Nk is the 
product of all of the transfer functions along the 
path. The transfer function between input and any 
node Ni of tree can be written as 

( ) ( )

,0
, 1,0 0,

,

( )
( )

cosh sinh

L in
f i

is L i
i i i iL i

Z V s
V s

R Z Yd dZ
−

 
 
  = ∏ 

+   Γ + Γ      

 (6) 
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+

-

Input
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N2

N3

N4
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N7

T0

T1

T2

T3

T4

T5

T6

N0

 
Fig. 2 General interconnect tree. 

 
 

4 Proposed new MPTA model  
The proposed model is based on new MPTA 
approximation [27], [28]. The new MPTA 
approximation is used for approximation of 
exponential matrixes. The exponential matrix can be 
written as power series. For the power series 
expansion of a function f(x), where ‘x’ is a complex 
variable 
f(x)=C0+C1x+C2x2+…+Cnxn+…,Ci=(Ci

(uv))∈Csxt;x∈C (7)             
The exponential matrix (4) can be written as above 
series and the closed form rational function 
approximation for an exponential matrix in (4) is 
written as 
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mnmn
P (x)R (x)= v(x)

    (8) 

is called as new MPTA approximant and is denoted 
by order (m/n) 
where 

1

0
( ) ( ) ( ),

m n i m n
mn i l

i
P x v x c x x W x

− − +

=
= +∑ 

    (9) 
1( ) ( ),nv x x v x−=  

Let ‘v’ be a scalar polynomial of degree n 
v(x) =b0+b1x+……. + bnxn                (10) 
These coefficients b0 to bn can be calculated using 
[28]. 
Furthermore 

1 1( ) ( ), 1n
l lW x x W x  l m n− −= = − +                (11) 

 
1

1
0 0

( ) ( )
n l l

l n l i i m n
l i

W x b c x
−

− + + − +
= =

= ∑ ∑              (12) 

For the 2/2 approximation order, the rational 
approximation is 
   2222

P (x)R (x)= v(x)

               (13) 

where 
   22 0( ) ( ) ( )lP x v x c zW x= + 

  
and 
   v(x) =b0+b1x+b2x2 
 Thus, R22 represents a table of rational functions, 
each element of which is an approximant of original 
series (7) and obtained from the series of below 
steps. 

Calculation procedure for estimating delay and 
overshoot using new MPTA approximants are as 
follows. 
(i) Telegrapher’s equations are solved and the 

solution is written as exponential matrix and the 
derived transfer function (4) is approximated 
using the new MPTA model. 

(ii) The coefficients W1 of the resultant exponential 
function are calculated using (13). 

(iii) Pmn(x) can be calculated for any order of m/n 
from the relation (9). However, for validation 
with Pade model (2/2),  the proposed model (13)  
is calculated with m=n=2 

(iv) Total sums of the numerator P22(x) and the 
denominator are calculated and the 
approximated transfer function is obtained. 

(v) Ramp response of the transfer function is 
obtained to estimate the delays of single 
interconnect and tree interconnect. 
 

 
5 Simulation results  
Single RLC interconnect and Tree interconnect 
results are presented in this section to demonstrate 
the validity and efficacy of the proposed model. The 

results obtained using MATLAB R2010a operating 
on HP 64-bit Intel i5 processor with clock speed of 
2.53 GHz, are compared with HSPICE W-element 
model. 

The typical interconnect parameters considered 
for simulation of interconnects are given in Table 1. 
The Pade approximation [13], U-transform based 
model [26] and proposed new MPTA model are 
implemented in MATLAB for the same set of input 
parameters. 
 
Table 1: The values of Interconnects parameters 
[13] 

Vdd 1 V 
Length 0.1 mm to 0.5 cm 
Resistance 88.29 Ω/cm 
Capacitance 1.8p F/cm 
Inductance 15.38 nH/cm 
Input ramp rise/fall 
time 

0.1 ns 

Source resistance 50 Ω to 100 Ω 
Load capacitance 50 fF to 100 fF 

 
The far-end response to a finite ramp input of 

single interconnect is plotted in Fig. 3. The plots 
compare the responses of proposed and Pade model 
[13]. It is evident from Fig. 3 that, the proposed new 
MPTA model and Pade model [13] match very 
closely for the same order of 2/2. However, 
computational complexity of the proposed model is 
less than that of the Pade model, because for the 
same accuracy the former needs less number of 
poles than the latter. 

 
Fig. 3. Transient response of single interconnect 
line, with length = 0.5 mm, Rs=50 Ω, Cl=50 fF and 
rise time=0.05 ns. 
 

Fig. 4 shows the results of finite ramp response 
for the input rise time of 0.1 ns, line length of 
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0.5mm, source resistance of 100 Ω and load 
capacitance of 100 fF. The single interconnect 
overshoot values using proposed model well 
matches with existing Pade model [13] for the same 
approximation order of 2/2. 

 
Fig. 4. Ramp response of single line when length 
=0.5 mm, Rs=50 Ω and Cl=50 fF and rise time=0.1 
ns. 

Tables 2 and 3 give the comparisons of 50% 
delay and overshoot values obtained using HSPICE 
W element model, Pade model [13] and proposed 
model for various lengths, source Resistances, load 
Capacitances and rise times. These tables include 
the average and maximum error percentages values 
of Pade model and proposed model with respect to 
HSPICE. From Table 2, the Pade model of order 2/2 
has average and maximum error of 0.73% and 3.9%, 
whereas proposed model has 0.41% and 1.53% 
respectively. 

For global interconnects (1-5 mm) the proposed 
model works much better than Pade model for delay 
and overshoot estimation. Even though, both Pade 
and proposed models perform similarly for smaller 
length (<1 mm) interconnects, but for longer lengths 
of 5mm, proposed model has better error percentage 
than existing Pade model. 

From Table 3, it is observed that the Pade model 
[13] has maximum overshoot error of 1.05%, while 
the proposed model has an error of 0.96%. Overall, 
the average error percentages of delay and 
overshoot estimations are within 1% for the 
proposed model. 

 
 
 
 
 
 
 
 

Table 2: Comparisons of single interconnect 50% delay values 
of HSPICE W Element, Pade model and proposed model for 
various lengths, source Resistances, load capacitances and input 
Ramp rise times. 
L 
(mm) 

RS 

(Ω) 
Cl 

(fF) 
tr 
(ns) 

HSPICE Pade 
model 
[13] 
order 2/2 

Proposed 
Model 
order (2/2) 

50% 
delay (ps) 

 

50% 
delay 
(ps) 

 

50% delay  
(ps) 

0.1 50 50 0.1 53.45 53.5 53.5 
100 100 0.05 36.45 36.5 36.5 

0.5 50 50 0.1 57.33 57.5 57.6 
100 100 0.05 43.79 43.9 43.95 

1 50 50 0.1 61.92 61.95 61.94 
100 100 0.05 52.94 53.1 53.05 

5 50 50 0.1 135.6 136.7 136.5 
100 100 0.05 125.11 120.2 123.2 

Average error % w.r.t. HSPICE 0.73 0.41 
Maximum error % w.r.t. HSPICE 3.9 1.53 
 

Table 3: Comparisons of single interconnect overshoot values 
of HSPICE W Element, Pade model and proposed model for 
various lengths, source Resistances, load capacitances and input 
Ramp rise times. 
L 
(mm) 

RS 

(Ω) 
Cl 

(fF) 
tr 
(ns) 

HSPICE Pade model 
[13] order 
2/2 

Proposed 
Model 
order (2/2) 

Overshoot 
(V) 

 

Overshoot 
(V) 

 

Overshoot 
(V) 

 
0.1 50 50 0.1 1.004 1.005 1.005 

100 100 0.05 1 1 1 
0.5 50 50 0.1 1.035 1.045 1.045 

100 100 0.05 1 1 1 
1 50 50 0.1 1.071 1.081 1.075 

100 100 0.05 1 1 1 
5 50 50 0.1 1.143 1.155 1.147 

100 100 0.05 1 1 1 
Average error % w.r.t. HSPICE 0.378 0.209 
Maximum error % w.r.t. HSPICE 1.05 0.96 
 
The tree branches are also assumed to have same 

interconnect parameters [13]. The far-end responses 
to a finite ramp input of tree structure at nodes N2 
and N4 are plotted in Fig. 5 and Fig. 6. The plots 
compare the responses of proposed, existing U-
transform model and HSPICE W-element models. It 
is observed that, as compared to the existing U-
transform model the proposed model results well 
match with HSPICE. 
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Fig. 5. Ramp response at the node N2 of the 

given Tree structure with branch lengths 0.1 mm, 
Rs=50 Ω and Cl=50 fF. 

 
Fig. 6 Ramp response at the node N4 of the given 

Tree structure with branch lengths 0.1 mm, Rs=50 Ω 
and Cl=50 fF. 

 
Table 4 and 5 compares the 50% delay values 

obtained using existing U-transform model of order 
2/2, proposed model of order (2/2) and HSPICE for 
various lengths, input rise times, source Resistances 
and load Capacitances. These values are calculated 
at nodes N2 and N4. These tables also include the 
percentage error values with respect to HSPICE. It 
is apparent that, the proposed model results are 
much better than existing model. The existing U 
transform model worst case error is 6.85%, whereas 
the proposed model has 4.61%. In addition, the 
proposed model is computationally more efficient 
than existing model. 

 
 

Table  4. Comparisons of tree interconnect 50% delay values of 
HSPICE W Element, U-transform model and proposed model 
for various line lengths, source Resistances, load Capacitances 
and input rise times at node N2. 

 
L 
(mm) 

RS 

(Ω) 
Cl 

(fF) 
tr 
(ns) 

HSPICE U-
transform 
model 
order 2/2 
(26) 

Proposed 
MPTA 
model 
order 
(2/2) 

 50% 
delay 
(ps) 

50% 
delay (ps) 

50% 
delay 
(ps) 

0.1 50 50 0.1 54.4 53.02 53.25 
100 100 0.05 38.36 37.86 37.66 

0.5 50 100 0.1 65.98 63.07 64.5 
100 50 0.05 48.38 50.46 49.71 

1 50 50 0.1 80.17 74.79 76.64 
100 100 0.05 70.84 66.58 68.14 

Average error % w.r.t. HSPICE 4.36 2.99 
Maximum error % w.r.t. HSPICE 6.68 4.4 
 
Table 5. Comparisons of tree interconnect 50% delay values 

of HSPICE W Element, U-transform model and proposed 
model for various line lengths, source Resistances, load 
Capacitances and input rise times at node N4. 

 
L 
(mm) 

RS 

(Ω) 
Cl 

(fF) 
tr 
(ns) 

HSPICE U-
transform 
model 
order 2/2 
(26) 

Proposed 
MPTA 
model 
order 
(2/2)  

 50% 
delay 
(ps) 

50% 
delay (ps) 

50% 
delay 
(ps) 

0.1 50 50 0.1 55.47 54.02 54.3 
100 100 0.05 40.22 39.29 39.49 

0.5 50 100 0.1 75.39 72.07 73.05 
100 50 0.05 57.3 59.7 58.84 

1 50 50 0.1 98.81 93.07 95.25 
100 100 0.05 88.84 83.5 85.46 

Average error % w.r.t. HSPICE 4.41 3.03 
Maximum error % w.r.t. HSPICE 6.85 4.61 
 
The computational complexity of the proposed 

model is less as compared to U-transform based 
model and Pade model, because inverse matrix 
operation is not needed, which reduced the number 
of poles required from 5 to 3 at the same 
approximation order (2/2). As a result the CPU 
computation time is less as compared to existing 
models. 

Table 6: CPU time comparison of various models and HSPICE. 

Pade model 
[13] (ms) 

U-transform 
based model [26] 

Proposed 
model 
(ms) 

HSPICE W 
element model 

(ms) 
40 36 28 15 
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The CPU computation time to calculate the transfer 
functions of various models into poles and residues 
is provided in Table 6. The CPU time of proposed 
model is a onetime expense to find poles and 
residues for any input switching pattern, whereas 
HSPICE analysis is based on numerical integration 
that has to be performed for each input switching 
pattern, thus proving that the proposed model is 
computationally more efficient. 

5 Conclusions 
This paper presents a novel MPTA based closed 
form model for delay and overshoot estimation of 
high speed VLSI interconnects in DSM regime. A 
single line interconnect and tree interconnect have 
been used for validating the proposed model by 
comparing with the existing Pade model, U-
transform and HSPICE. The delay and overshoot 
estimations average error percentages are within 1% 
for the proposed model. In SOC (system on chip) 
applications, for global lines of lengths 1-5 mm the 
proposed model is found to be more accurate than 
existing Pade model. The tree interconnect worst 
case 50% delay error percentage of the proposed 
model is within 5% and is much less than existing 
U-transform based model. In addition, the proposed 
model is computationally more efficient than 
HSPICE, Pade model and U-transform. 
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