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Abstract: - In this research, the probabilistic models of the random variations in MOSFET’s high frequency
performance defined in terms of variations in gate capacitance and transition frequency, have been proposed.
Both random dopant fluctuation and process variation effects which are the major causes of the MOSFET’s
high frequency characteristic variations have been taken into account. The short channel MOSFET has been
focused. The proposed models which take the form of the comprehensive analytical expressions have been
derived by using the alpha-power law which is more comprehensive than the conventional square law. The up
to dated physical level fluctuation model has been adopted as the basis instead of the classical one. So, the
model of gate capacitance variation has been refined. These probabilistic models have been verified based on
the IBM 90nm RF CMOS technology by using the Monte-Carlo SPICE simulations and the Kolmogorov-
Smirnof goodness of fit tests. They are very accurate since they can fit the Monte-Carlo SPICE based data and
distributions with 99% confidence. Hence, the proposed models have been found to be the potential
mathematical tool for the statistical/variability aware analysis /design of various MOSFET based high
frequency applications.

Key-Words: - Gate capacitance, High frequency, MOSFET, Short channel, Statistical design, Transition
frequency, Variability aware design.

1 Introduction of the comprehensive analytical expressions which
Recently, the subthreshold (weak inversion) region have been found to be the convenient mathematical
MOSFET has been adopted in many high frequency tools ‘ for‘ the stat1§tlcalfvarlab1hty aware
circuits, system and applications such as active analysm( design  of  various = MOSFET .based
inductor, active transformer, high frequency filter, apphf:atlons. However, these Fe;earcl}es did not
optical front ends, clock/data recovery circuits and mention anything about the variations in Cy and fr
Bluetooth devices. Of course, the performances of even though they also exist. Further.more, such C,
these high frequency equipments are mainly and fr greatly determine the high frequency
determined by the high frequency performances of perfprmances of the MOSFET as mentined above.
their intrinsic MOSFET which can be determined by So, it can be seen that these previous models lack of
two major MOSFET’s parameter entitled gate some important information for high frequency
capacitance, C, and transition frequency fr. applications. ) o
Obviously, imperfection in  MOSFET’s Fortungte}y, there are previous §tudles in the
properties for example random dopant fluctuation, characteristics of random variations in both C, and
line edge roughness and gate length random fr for example [5-7] etc. The results of these
fluctuation cause the random variations in previous studies are the graphical plots and
MOSFET’s physical parameters such as threshold numerical ~ measurement  of  such variations.
voltage which are crucial in the statistical/variability Unfortunately, such results are mot generic since
aware design of MOSFET based applications. This they are obtained from a certain technological bagls.
is because the MOSFET’s circuit level parameters Furthermore, none of any related comprehensive
such as drain current, Iy and transconductance, g analytlcal. CXpressions that display the Varl'f‘tlon
are randomly fluctuated due to the cited random characteristics of both C, and fr has been derived.
variations at the physical level. By this motivation, However, it hag been pointed out n [7] that random
there are many previous researches on the modeling dopgnt fluctuation and process variation effects such
of such variations in the circuit level parameters for as hne. edge roughness e}nd gate length random
example, [1-4]. The resulting models take the form fluctuation are the major causes of random
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variations in high ftrequency characteristics of
MOSFET including C, and fr. In [8], simple
formulas on fr and the relationship between the
variance of C, and that of fr have been given.
Unfortunately, these formulas are incomprehensive
since they do not display the physical level variation
causes and their relationships with the resulting
variations in C, and fr. According to the importance
of both C, and fr along with their possibility to be
randomly fluctuated as mentioned above, the
comprehensive analytical modeling of their
variations similarly to the modeling of the other
parameters proposed in the previous researches such
as [1-4], must be urgently performed.

Fortunately, the cited comprehensive analytical
model of random variation in C, has been proposed
in [9]. However, this model has been derived based
on the classical model of variation [10] which is
being replaced by the state of the art ones such as
that proposed in [11], so, a refinement is necessary.
Furthermore, the similar modeling on fr which is as
important as that of C, has not been performed yet.
Hence, due to the above motivation, the
probabilistic models of random variations in
MOSFET high frequency performance defined in
terms of variations in C, and fr have been proposed
in this research. Both random dopant fluctuation and
process variation effects which are the major causes
of the random viriations in the MOSFET’s high
frequency characteristics as stated in [7], have been
taken into account. The short channel MOSFET has
been focused since it reigns the universe of the
CMOS technology nowadays. The proposed models
which take the form of the comprehensive analytical
expressions have been derived by using the alpha-
power law [12] which is more comprehensive than
the conventional square law. This alpha-power law
has also been previously adopted in [1], [4] and [9].
The up to dated physical level fluctuation model
proposed in [11] has been adopted as the basis
instead of the classical one proposed in [10] which
has been adopted in [9] as aforementioned. So, the
model of variation in C, has been refined. The
proposed models have been verified by using the
Monte-Carlo SPICE simulations based on the IBM
90nm RF CMOS process technology and the
Kolmogorov-Smirnof goodness of fit tests. The
verifications have been performed based on both
NMOS and PMOS technologies. These models are
very accurate since they can fit the Monte-Carlo
SPICE based data and distributions with 99%
confidence. Hence, the proposed models have been
found to be the potential mathematical tool for the
statistical/variability ~aware analysis/design of
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various ~ MOSFET
applications.

based high frequency

2 The Proposed Model

In this section, the proposed models will be
discussed. Before proceeds further, it is worthy to
give some foundation on the alpha-power law of
MOSFET’s characteristic. According to [1], [4], [9]
and [12], this law which is more comprehensive
than the classical square law stated that I can be
given by

w :
1, =5 Cmr AV, =) (1)

where p, Cox, Vi, 0 and A denote the carrier
mobility, the gate oxide capacitance of the
transistor, practical thresold voltage  which is
affected by random dopant fluctuation and process
variation, velocity saturation index [12] and channel
length modulation parameter respectively.

With such I, the alpha-power law based g, is

w
g, =a %C TRV V) (2)

At this point, the derivation of the proposed
model can be started. Firstly, the analytical
expression of C, has been derived. Similarly to [9]
and according to [13], C, can be given by

c, =%
< av,

€)

where Q, denotes the gate charge [13]. As in [9],
according to [14], Q. can be given by

Vgs—Vt

2L 2
= M I(Vg.v - V(‘ - K‘)Qde‘ _QB,max (4)
0

0, I,

where Qpmax denotes the maximum bulk charge
[14]. By using (1) and (4), alpha-power law based
Qg is [9]

WLy V)
€73 144V,

- QB,max (5)

So, C, can be given by using (3) and (5) as
follows [9]

WL (3—o)(V g, ~ V)"
1+ AV,

(6)

2
ngg
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Hence, the alpha-power law based fr can be given
by using (2) and (6) as

()

o3 GG AV, P V)™
T (3—0[)L3

By taking both random dopant fluctuation which
is assumed that it gives the number of dopant atoms
that obeys the Poisson distribution [15], and process
variation effects into account, the variations in
MOSFET’s properties existed. These fluctuations
include the random variations in both C, and fr [7].
Such variations are denoted by AC, and Afr
respectively. Of course, both C, and fr become
randomly varied due to these variations which can
be defined as follows
-C

g,Nom (8)

g g
and

Afr = fr _fT,Nom €)
So, it can be seen that these variations can be
defined in terms of the different between their actual
randomly varied values and their corresponding
nominal counterparts denoted by Cgnom and frnom
respectively. These nominal values which can be
ideally obtained by neglecting all imperfections of
the MOSFET are obviously deterministic. With (6)-

(9), AC, and Afy can be given as follows

_ g WLZ[(Vgs - K‘)27a - (Vgs - VTH )270(]

AC 10

£33 1+ AV, )3 -a)’ (10)
and

o, = 3 WCl0 =V 0 V)™ ] (1

8 A+AV, )G -a)l?

where Vry denotes the nominal threshold voltage.

By using the state of the art model of physical
level variation proposed in [11] and the principle of
random variable transformation with (10) and (11)
as mapping functions, the probability density
functions of AC, and Afy can be derived with the
emphasis on the short channel MOSFET. These
probability density functions are

336, (4 AV )V = Vi)
221 T g WL NPy 2~ )3—0)” (12)

276, (1 +/1V(1.\~)2(Vg.\~ - VTH)za_ZCSCz
Xexp —
84Ty Ny Wi WL 2 - )’ (3—a)?

Pfce(8C,) =
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and

837 80xW0'5 35 G-a)
3V24C, g Ty 1+ AV ) Vg = Vi)

X A ]v.mbw/depa‘3 - za‘]
96m 22 WL (3— ) 7

[9H2C2 qzz—}?VI/N VVdep

ox sub

Py () =

(13)

}

Xexp{

X+ AV) Vg = V) P a3~ 20"

where 6C,, 6f1, q, €ox, Nsw, Tivv, W, Wgep and L
denote any sampled value of AC, that of Aff,
electron charge, gate oxide permittivity, channel
impurity concentration, electrical gate dielectric
thickness, channel width, depletion width and
channel length respectively [11].

Hence, it can be stated that the proposed model
which probabilistically describes the random dopant
fluctuation and process variation effects induced
random variation in C, and the similar variation in fr
can be given by (12) and (13) which many physical
parameters have been incorporated. At this point,
the probabilistic models of random variations in
MOSFET’s high frequency performance which can
be defined in terms of variations in C, and f; have
been derived in the form of the probability density
functions which are the comprehensive analytical
expressions including many physical level
parameters. Compared to the previous studies such
as those in [5-7] which presents the study results of
variation in C, in terms of graphical plots and
numerical measurements obtained from a certain
technological basis, the proposed model is a more
analytic, comprehensive and generic result as it is an
analytical expression in term of many physical
variables without any reference to a certain
technology node but to the general CMOS
technology. These models are more comprehensive
than that proposed in [8] as they contain several
physical level parameters so, the physical causes of
such high frequency performance variation have
been revealed. This clarifies the exploration of the
cited high frequency performance variation. These
models are also as comprehensive as those in [2]
and [3] but they emphasize on the high frequency
operation. Finally, the proposed models are more
complete and up to dated than that proposed in [9]
which mention nothing on the variation in fr, and
also relies on the outdated physical level fluctuation
model [10]. For fitting of the variation in C,, part of
the proposed models for this variation is more
accurate than that mentioned in [9] due to the better
Kolmogorov-Smirnof test statistic obtained from the
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data fitting using a part of the proposed ones as will
be seen later.

As this model takes the form of the probability
density function, much meaningful statistical
information of the variations in C, and fr can be
obtained. For examples, it can be seen that both
variations in C, and f; have the following means and
variances

AC, = j 8C, pdfuc, (6C,)d5C, =0 (14)

ol = [0, -G, | pdfic. (€, )dsC,
= (15)
TN, VP Q-0 (3-a)

sub’

2760 (14+AV,)° (Ves — Vi)™

ox

and
A, = j 5, pdfy, (5,)dSf, =0 (16)
ol = j (51, — a7,  pr, @,)der, -
B 9ﬂ2C02xqZTHZVVN.\'thdypa 2‘3 - 20“2 L+ AV )t

19272 WL 3= a)* (Vyy = Vi )7

ox

2 2
where AC,, o,.,, Af;, and o, denote mean

and variance of C, along with those of fr
respectively. Furthermore, the analytical expressions
of many other meaningful statistical parameters
such as moments of various orders, skewness and
kurtosis can also be obtained by simply apply the
conventional mathematical statistic to the proposed
model with the required mathematics can be
performed even by hand calculation. These are the
major benefits of this model. For the desinging with
electronic CAD tools, this model can serves as the
mathematical basis for the desired simulations. The
required computational effort is potentially smaller
than that of the brute force Monte-Carlo analysis
based on the random variations of the parameters at
the physical level which is time expensive as
mentioned in [16]. Hence, the proposed models
have been found to be the potential mathematical
tool for the  statistical/variability = aware
analysis/design of various MOSFET based high
frequency applications. In the subsequent section,
the verification of the proposed model will be
discussed.
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3 The Verification

Similarly to [2, 3, 9], the verification of the
proposed model has been performed in both
qualitative and quantitative aspects. In the
qualitative sense, the estimated distributions of
random variations in C, and fr obtained from the
models have been graphically compared to their
counterparts obtained from the Monte-Carlo SPICE
simulations of the benchmark circuits. On the other
hand for the quantitative point of view, numbers of
Kolmogorov-Smirnof goodness of fit test (KS-test)
have been performed by using the cumulative
distributions of such random variations obtained
from the same set of Monte-Carlo SPICE
simulations for the qualitative verifications. It
should be mentioned here that both NMOS and
PMOS technologies have been considered. The
verification has been performed based on the up to
dated IBM 90nm RF CMOS technology by the
model parameterization with the IBM 90nm RF
CMOS process parameters and the usage of the
BSIM4.3 based benchmark circuits parameterized
by the SPICE parameters extracted from such IBM
90nm RF CMOS process. These necessary
parameters are provided by the MOSIS.

Since the KS-test relies on the cumulative
distributions, it is worthy to derive the cumulative
distribution function forms of the proposed models
at this point. With the conventional mathematical
statistic, they can be given by

oC,

CDFy, (5C,) = [ pdfic, W)du

—o (18)
1
1 8T N Wi WL 2-)* (3-a)’ | 2
ey ‘]1wzf2.hd,2( )(22) ch
2 278 o L+ AV 1) Vg =V )™
and

(yl
CDE, ()= [ pdf, ()du

(19)

1
o | SRR N g0 =20f (427, |2
96m2 2 WL (3~a)* (V — V)" !

ox!

Note that erf(x) denotes the error function of any
arbitrary variable, x which can be mathematically
defined as

erf (x)= % v[)Xexp( —u?)du. (20)

Issue 3, Volume 12, March 2013



WSEAS TRANSACTIONS on CIRCUITS and SYSTEMS

According to [17, 18], the strategy of the KS-test
is to performed the comparison of the K-S test
statistic (KS) and the critical value (c) where it can
be stated that any model fits its target data set if and
only if its KS is not exceed its ¢ [17, 18]. For this
research, KS can be defined as

KS = max{CDF, (&), |-CDF, @), 2D
where x can be either C, or fy while
CDF, (&), ., and  CDF, (&)  represent  the

cumulative distribution of any x obtained from the
proposed models and the counterpart obtained from
the simulation of the benchmark circuit respectively.
Furthermore, as the confidence level of the test is
99%, c can be given by [18]

1.63
c=——

I (22)
where n denotes the number of runs for the
Monte-Carlo SPICE analysis.

Similarly to [9], it should be mentioned here that
the model verification has been performed by using
n = 3000 which yields ¢ = 0.0297596. In the
upcoming subsections, the verification of the model
based on NMOS technology and the PMOS
counterpart will be respectively discussed.

3.1 NMOS based model verification

As in [9], for the verification the model’s accuracy
in the prediction of random variation in C,, the
chosen benchmark circuit is a single MOSFET with
both drain and source have been ac grounded where
as the gate terminal has been fed by the ac input
voltage. The input admittance which takes C, into
account can be seen by looking into the input
terminal of this benchmark circuit. This
methodology of finding the MOSFET’s input
admittance by using SPICE analysis has also been
used in [19]. For NMOS technological basis, the
core of this circuit can be depicted in Fig.1. As the
input conductance is extremely small for
conventional MOSFETs, C, can be approximately
given as follows [9]

(23)

where Y;,, [;, and Vi, denote the input admittance,
input current and input voltage respectively.
Similarly to [9], the variation in the formerly
defined C, above obtained from the Monte-Carlo
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SPICE simulation of this circuit at 1 GHz has been
adopted as the circuit based AC, for NMOS
technology.

On the other hand, the chosen benchmark circuit
for verifying the model’s accuracy in the prediction
of random variation in fr is also a single MOSFET
but both drain and gate have been fed with their own
ac voltages where as the source terminal has been ac
grounded. These ac voltages applied at the gate and
drain are V, and Vg respectively. For NMOS
technological basis, the core of this circuit can be
depicted in Fig.2. From this circuit, fr can be
defined as the frequency which the current gain is
unity. Alternatively, it is the frequency which the
magnitude of the small signal input current is equal
to that of the output one. This methodology has also
been adopted in finding fr of EPC’s enhancement
mode GaN power transistor with SPICE simulation
[20]. Of course, the corresponding variation in fr
obtained from the Monte-Carlo SPICE simulation of
this circuit has been adopted as the circuit based Afry
for NMOS technology. It should be mentioned here
that these benchmark circuit uses the nominal
channel length (L) of 100nm which is closed to the
minimum allowable value along with the nominal
aspect ratio (W/L) of 50. For both circuits, the dc
supplies of £0.5 v have been used. Finally, these
simulation strategies, parameters setting and biasing
condition have been used for the PMOS based
model verification.

By proceed in the similar manner to the model
verifications in [2, 3, 9], the graphical comparisons
for the distributions AC, and Afy with respected to
their nominal values, denoted by ACy/Cgnom and
Afr/frnom Tespectively are depicted in Fig. 3 and
Fig.4 for the qualitative NMOS based verification.
For this NMOS case, it can be seen that strong
agreements between the predicted distributions
obtained from the proposed model and the
counterparts obtained from the Monte-Carlo SPICE
analysis of the benchmark circuits can be observed.
Hence, proposed model has been qualitatively
verified as highly accurate for NMOS technology.

For the quantitative verification, it can be seen by
using (19) that the resulting KS for x = C, can be
found as KS = 0.0246539 and that for x = fr is KS =
0.0297046 which are both smaller than ¢ =
0.0297596. This means that the proposed model can
fit the variations in C, and fr obtained from the
NMOS based benchmark circuits with 99%
confidence. Furthermore, a good agreement can also
be seen from the comparative plots for the
cumulative distributions of ACy/Cgnom and Afr/fr nom
depicted in Fig.5 and Fig.6 respectively. At this
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point, the proposed model verified as highly
accurate for NMOS technological basis.

3.2 PMOS based model verification

For the model verification based on PMOS
technology, the benchmark circuits similarly to
those depicted in Fig.1 and Fig.2 can be used. These
circuits can be depicted in Fig.7 and Fig.8 which are
adopted for verifying the model’s accuracy to
predict the variation C, and the accuracy for the
prediction of such variation in fr respectively. It
should be mentioned here that C,, fr and their
variations in this case can be determined from the
benchmark circuits in the similar manner to those of
the NMOS based verification. Furthermore, the
similar verification methodology, parameters setting
and biasing condition applied to the previous
NMOS based scenario can also be used for this
PMOS based case.

Also similarly to the NMOS based case, the
graphical comparisons for the distributions of
ACy/Cgnom and Afr/frnom respectively are depicted
in Fig.9 and Fig.10 for the qualitative PMOS based
verification which strong agreements between those
obtained from the proposed model and the
counterparts obtained from the Monte-Carlo SPICE
analysis of the benchmark circuits has also been
observed. Hence, proposed model has been
qualitatively verified as highly accurate for PMOS
technology.

For the quantitative verification, it can be seen
that KS for x = C, can be found as KS = 0.0081163
and that for x = f1 is KS = 0.0294916 which are also
smaller than ¢ = 0.0297596. This means that the
proposed model can fit the variations in C, and ft
obtained from the PMOS based benchmark circuits
with 99% confidence. Similarly to the NMOS based
case, a good agreement can also be seen from the
comparative plots for the cumulative distributions of
ACy/Cgnom and Afr/fryom depicted in Fig.1l and
Fig.12 respectively. At this point, the proposed
model is verified as also highly accurate for PMOS
technology.

Before leaving this section, it should be
mentioned here that the resulting KS statistics for
the model of variation in C, proposed in this
research given by KS = 0.0246539 for the NMOS
based verification and KS = 0.0081163 for the
PMOS based one as mentioned above are lower than
their corresponding counterparts formerly proposed
in [9] given by KS = 0.0267486 and KS =
0.0090026 for NMOS based data fitting and PMOS
based one respectively. According to [17, 18], this
means that the refined model for the variation of C,
proposed in this research is better fit to both NMOS
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based data and PMOS based one due to its lower
statistics so, it is more accurate than the previous
model for the variation in C, proposed in [9]. This is
a result of the refinement in the model for C,
variation.

Fig.1. NMOS benchmark circuit for verifying the

model of AC, lout
47

Vds

Fig.2. NMOS benchmark circuit for verifying the
model of Afy

Probability
0.08 -

0.06 / \
0.04 - / \

0.02 -

-10 -5 0 5 10 15 26
ACy/Cynom(%)

Fig.3. NMOS based comparative distribution plots

for ACy/Cgnom: The model based (line) v.s. The

benchmark circuit based (histogram)

-15
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Probability

0.07 |
0.06 - —
0.05 F
0.04 - f \
0.03 F
0.02F

0.01

-20 -10 0 10 20
Afr/frNom(%o)

Fig.4. NMOS based comparative distribution plots
for Afr/frnom: The model based (line) v.s. The
benchmark circuit based (histogram)

Cumulative probability
Lo}

0.8 -

0.6

AC,/CyNom(%0)

Fig.5. NMOS based comparative cumulative
distribution plots for ACy/Cgnom: The model based
(line) v.s. The benchmark circuit based (dots)

Cumulative probability
LOF

,;0 20
Afy/frNom(%0)

Fig.6. NMOS based comparative cumulative
distribution plots for Afr/frnom: The model based
(line) v.s. The benchmark circuit based (dots)
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Fig.7. PMOS benchmark circuit for verifying the
model of AC,

Iout

Fig.8. PMOS benchmark circuit for verifying the
model of Af;

Probability

015+

0.10+

0.05 -

-5 0 5
ACy/Cyxoml(%)

Fig.9. PMOS based comparative distribution plots
for ACy/Cgnom: The model based (line) v.s. The
benchmark circuit based (histogram)
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Probability
0.15 -

A1

0.05+

-10 -5 0 5 10
Afr/frNom(%)

Fig.10. PMOS based comparative distribution plots
for Afr/frnom: The model based (line) v.s. The
benchmark circuit based (histogram)

Cumulative probability
LOF

0.8

0.6 -

AC,/Cy Nom(%0)

Fig.11. PMOS based comparative cumulative
distribution plots for ACy/Cgnom: The model based
(line) v.s. The benchmark circuit based (dots)

Cumulative probability
10

-10 -5 5 10
Afr/frxnom(%0)

Fig.12. PMOS based comparative cumulative
distribution plots for Afr/frnom: The model based
(line) v.s. The benchmark circuit based (dots)
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4 Discussion

In this section, some discussion regarding to the
proposed model, some interesting applications of
this model and the results obtained from the model
verification will be given. Firstly, it can be
obviously seen from the proposed models that many
physical level parameters have been incorporated.
Since these models describe the behavior of high
frequency performance variations and these physical
level parameters are depended on the fabrication
technology of the MOSFET, it can be seen that such
technology significantly affects the high frequency
performance variation.

As mentioned above, C, and fr become randomly
varied due to AC, and Afr. Mathematically, they
become random variables. By using (8), (9) and the
proposed models, their probability density functions
can be simply derived as follows

336, (14 AV, )V Vi)™

df. =
p ng(Cg) ZmT,NVqu,sLl.s N VVdep 2-a)3 7a)2 (24)

sub'

2760 (14 AV, )2 Vg = V)€ = Cy piom)’
Xexp —
8¢ TN Wi, WL (2 - 0)* 3 - )’

and

3ne, WL (3-a)
BV24C, Ty (14+ AV, (V= V)"

[N, 03 20]] (25)

9@7282 VV]] (3_a)2(¢T _fT,Nom) }

pdfyr(¢r) =

ox’

[9#2 C2 qu}Iz\/VN\'th

ox dep

xexp -
X (1+AV,) Vg = Vi) P 0?3~ 20]

where ¢, and 1 denotes any sample values of C,
and fr respectively.

Furthermore, it can be observed from (15) and
(17) which have been derived from the proposed
model that

Oirce &« WL (26)
N S 27
Oace * (1+AV,)° @7
2 o ! (28)
o
and orr o (1+ AV, (29)

So, it can be seen that shriking the transistor
dimension can reduce the variation in C, with
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increasing of wvariation in fr as a penalty.
Furthermore, application of the trendy low voltage
designing methodology which uses low supply
voltage yields the reduction in fr variation with
increasing in C, variation as a price to pay. So, these
trade-off issues must be taken into account in the
designing of MOSFET based high frequency
applications.

For the in depth exploration of the statistical
relationship between the variation in C, and the one
in fr, their correlation coefficient denoted by

Pace.ar Must be investigated. Such p,. ., can be

defined as

E[(AC, — AC,)(Af; - Af})]

Pacgsr = (30)
’ \/C’ng \/Giﬁ
where  E[(AC, — AC,)(Af; —Af;)]is  the

covariance of both variations denoted by Cov(AC,,
Afr) which in turn can be defined as

CoAC,.Af;) = E(AC, —AC, )ty — ;)]
ee (31)
= [ [3C, ~AC)r A )Py pir(6C, -3 )OC, A

and  pdfy., r(6C,, &) which denotes the joint

probability density function of both variations can
be found from the proposed model by solving the
following equations

PAfice(0C,) = [ pdficenr GC. 0 )dsr;  (32)

Pdyr @) = [ pdfycenr(6C,07)dsC, — (33)

By using the proposed model along with (14)-(17)

which are obtained from this model for AC,,

(O ace » Af,, and \JOur Tespectively,  the

magnitude of such correlation coefficient has been
found to be unity. This means that there exists a
very strong statistical relationship between both
variations.

Secondly, apart from obtaining meaningful
statistical parameters of AC, and Af; as formerly
mentioned, the proposed model can serve as a basis
for understanding the behavior of the similar
variations in other high frequency parameters. For
example, the behavior for such variation in the
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maximum oscillation frequency which is also an
important high frequency parameter can be precisely
understood by using the proposed model since such
frequency is a function of fr. This point can be
demonstrated as follows, the maximum oscillation
frequency denoted by f,.x is a critical high
frequency parameter when the gate parasitic
resistance has been taken into account. Let such gate
parasitic resistance be denoted by R,, fi.x can be
given as a function of fr as follows

/i
fmax = L
87C, R,

where Cg4, denotes the capacitance from drain to
gate which is totally differrent from that from gate
to drain denoted by Cgyq [21]. The reason for this is
that Cg4, and Cgq can be given according to [21] by

(34)

oQ
C, =-—=4 35
% ov, (33)
oQ
d C,, =—2 36
an od an (36)

Note that Qq denotes the drain charge where as V,
and V4 denote the gate and drain voltages
respectively [21]. It can be obviously seen from (35)
and (36) that Cg, # Cyq.

Since Afr is undeniably arised due to both random
dopant fluctuation and process variation effects, the
maximum oscillation frequency can be practically
given by

fT,Nom + AfT
8nC, R

dg='g

Joax (A7) = (7)

where, f,.. (Af;) denotes such practical maximum

oscillation frequency which is undeniably fluctuated
according to Afr induced by random dopant
fluctuation and process variation effect while frxom
denotes the nominal value of fr. So, the random
variation in the square of such f. denoted by

Af;2. can be simply found as

_ M
87C, R

dg=tg

Af s (38)

By using (17) which obtained from the proposed
model, the variance of Af%. can be simply given by
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2
O Cold TNl 3= 20 1+ 27,)" (39

sub”" dep

122880 C Ree ] WL B —)* (Vg = Vi)

dg"tg®ox

VanAf ] =

Hence, it can be seen at this point that the
behavior of random variation in f,, is now well
understood via the above information on the

variation of Af.’ which has been obtained by using
the proposed model. For obtaining an in depth
insight, the probability density function of
Joax (Af7) denoted by pdf (4,..) which completely
describes the fluctuation in the maximum oscillation
frequency analytically, can also be obtained by
using the proposed model. Let @, denotes any
sampled value of f,, . (Af;), by using the principle
of random variable transformation with (37) as a
mapping function, pdf(¢,..) can be given by

2 _ ~
pdf(¢max) -1 6\/; Cngg¢max exp[ (¢max fT,Nom)/gﬂcd g] (40)
2 o 2o /87C R, )’

where /o3, can be found by using (17) which

can be obtained from the proposed model. At this
point, it can be obviously seen that pdf (¢,,.) which

describes the fluctuation in the maximum oscillation
frequency, can be simply obtained by using the
proposed model.

Furthermore, the proposed model is applicable as
the mathematical foundation for the modeling of the
high frequency performance mismatch of the
globally spaced MOSFETs for example, the
mismatch in C, and fr of such spaced devices. Let
these mismatches be denoted by DC, and Dfy
respectively. Since these transistors have similar
local variations and low correlation as they are
globally spaced, the distributions of DC, and Dfr
can be simply given by using the proposed model as
follows

3V3e,, (14 AV )V gy = V)™
NrTygW LNy W, 2= 0)G-a)” (41
Xex{ 2762 (14 AV, (Vyy ~ V)2 dC
169 Ty NV io VL 2—)’ (3 -ar)’

Pfpc (dCy) =

and
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W3ge, W1 3-a)
BUC,.q Ty (1+ AV, ) Ve =Vrur) a2

X A\ ]v.\'uhVdep(x‘3 - 2a‘]

48n’e> WL 3 - o) dfy \
[9#2 Cicqu}]zVVN\'th

0 dep

pdefT(dfT) =

(42)

xexp

(L4 V) Vg — Vi) P 320"

where dC, and dfr denote any sampled values of
DC, and Dfr respectively.

Now, the discussion regarding to the results
obtained from the model verification will be given.
It can be seen from the formerly shown Monte-
Carlo SPICE analysis results that the variations in
both gate capacitance and transition frequency
follows the Gaussian distribution as depicted in
Fig.3, Fig4, Fig9 and Fig.10. Similarly to the
results proposed in [9], the maximum percentage of
variation in C, denoted by Max[AC,/C,] obtained
from the NMOS based benchmark circuit for
verifying the model of AC, depicted in Fig.l is
higher than its counterparts obtained from the
PMOS based one shown in Fig.7. These maximum
percentages are similar to those proposed in [9]
since they have been generated from the ceteris
paribus  scenario. Furthermore, the similar
relationship can be seen among the maximum
percentage of variation fr denoted by Max|[Afy/fr]
obtained from the NMOS based benchmark circuit
for verifying the model of Afr shown in Fig.2 and its
counterpart obtained from the PMOS based circuit

depicted in Fig.8. All of these maximum
percentages are concluded in Table I. It can be
observed from these percentages that PMOS

technology is more robust to the random dopant
fluctuation and process variation effects than its
NMOS counterpart due to its lower variations. At
this point, the validity of the similar conclusion
proposed in [9] has been emphasized.

Furthermore, it has been observed that the K-S
test statistics for the PMOS based verification are
smaller than their NMOS based counterparts as can
be seen in Table II. This means that the proposed
model is better fit to the PMOS based data than the
NMOS based one due to the smaller statisitics. So, it
can be seen that this model can predict the
variations for PMOS transistor with higher accuracy
than the similar prediction for the NMOS one.

Finally, the one of the tentative further researches
is to perform the similar modeling with specific
orientation to the nanometer level CMOS
technology as the modeling for other parameters
such as Iy and g, of the nanoscale MOSFET which
have been proposed in [2, 3].
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Table 1. Max[AC,/C,] and Max[Afr/fr]

Max[ACg/CE] (%) Max[Afr/f7] (%)
NMOS | PMOS | NMOS PMOS
15.9526 | 7.5694 | 20.56 9.37055

Table 2. The comparison of K-S test statistics

From AC, verification | From Afr verification

NMOS PMOS NMOS PMOS

0.0246539 | 0.0081163 | 0.0297046 0.0294916

6 Conclusion

The probabilistic models of random variations in
MOSFET’s high frequency performance defined in
terms of variations in C, and fr have been proposed.
Both random dopant fluctuation and process
variation effects which are the crucial causes of the
MOSFET’s high frequency characteristic variations
[7] have been taken into account. The state of the art
short channel CMOS technology has been focused.
These models have been derived by using the alpha-
power law which has been proposed in [12] and has
also been previously adopted in [1], [4] and [9]. The
modern physical level variation model proposed in
[11] has been adopted as the modeling basis instead
of the classical one in [10]. This gives the
significant refinement in the model of variation in
C, compared to the previous one proposed in [9].
The proposed probabilistic models have been
verified with both NMOS and PMOS technologies
based on the IBM 90nm RF CMOS process by
using the Monte-Carlo SPICE simulations along
with the KS tests. These models are very accurate
since they can fit the Monte-Carlo SPICE based data
and distributions with 99% confidence. Hence, the
proposed models have been found to be the
convenient mathematical tool for the
statistical/variability —aware analysis/design of
various MOSFET based high frequency applications
such as active inductor, active transformer, high
frequency filter, optical front ends, clock/data
recovery circuits and many Bluetooth devices.
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