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Abstract: Patients who lost livers through cirrhosiss resulting from a Hepatitis virus, are at risk of reinfec-
tion after transplantation. Blood processes dynamics are good indicators of this occurring again. In this
contribution, we study a mechanistic model, on these blood processes, consisting of a system of ordinary
differential equations. We first obtain simple solution through variation of parameters, by exploiting an
error at the core of Euler’s ansatz for solving linear ordinary differential equations. Once that is done,
we then fully explore the model fully through symmetry analysis. The traditional regular symmetries
usually lead to expressions that are impossible to integrate, subsequently forcing the analyst to consider
special cases that may not even be practical. Here we modify the symmetries to avert this.
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1 Introduction

There are five known hepatitis viruses. that is,
A, B, C, D, and E, or HAV, HBV, HCV, HDV
and HEV. The HDV can only propagate in the
presence of HBV, hence the need to study both.
The model we address here, that we want to solve,
is borrowed from Filmann and Herrmann|[1], and
has the form

V =pl —cV, (1)
I =BTV —4l,
T =X\—BTV —dT

In this model there are three dependent vari-
ables, namely 7,1 and V. The variable T rep-
resents the size of the uninfected cell population.
The variable I denotes the infected cells, while V/
is the free virus particles in serum. It is assumed
the uninfected cells are produced at a rate A and
die at the rate d, by V . Uninfected cells T are
assumed to be produced at a constant rate and
to die at a rate d. The free virus particles V are
produced at a rate p proportional to I and are
removed from the system at a rate c. Target cells
T are infected at a rate 8 proportional to TV .
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Infected cells I are killed by the immune system
at a rate 9.

We intend solving the model using Lie’s sym-
metry group theoretical methods, a technique first
introduced by Marius Sophus Lie (1842 — 1899).
That is, a slightly modified version thereof. The
pure Lie approach tend to run into difficulties.
In most studies, the symmetry groups never ma-
terials, thus rendering the whole exercise futile.
Where they exist other difficulties are encoun-
tered. For example, the analyses lead to inte-
grals that cannot be evaluated. Some practition-
ers tend to avoid these situations by modifying
the models parameters. Unfortunately such acts
tend to have adverse effects on applications. For
a further read on the theory, and its applications
to other fields, one is referred to Kallianpur, and
Karandikar [2], Kwok [2], Hui [3], Longstaff [4],
Platen [5], Naicker, Andriopoulos, and Leach [6],
Pooe, Mahomed, and Soh [7], Sinkala, Leach, and
OHara [8], Gazizov, and Ibragimov [9]. We be-
lieve we may have found a remedy. This we dis-
cuss in the next section.

Section 2 is divided into three subsections. In
the first subsection, Subsection 2.1, we briefly out-
line the basic principles of Lie’s theory, first intro-
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duced through his now famous 1881 paper [10].
This we do to ease comparison. Next, in Subsec-
tion 2.2, we show where in Lie’s theory our modi-
fications fit. We conclude the section by providing
a simple formula in Subsection 2.3, for generating
the proposed symmetries.

Section 3 is on the actual application of the
ideas discussed in Subsection 2.2 to the system
of equations (1), (2) and (3). It starts off in the
traditional Lie fashion, then the formula discussed
in Section 2.3 is gradually introduced.

The subject discussed in Section 4 is included
for a number of reasons. It is used as a tool for
generating parallel empirical data, through which
the symmetry method can be confirmed for va-
lidity, as opposed to using numerical techniques.
The latter proceeds through steps, and as such,
tends to step over important features like sin-
gularities, hiding them from possible detection.
It can also be used to suggest alternative sym-
metries by confirming solvability, when the basic
symmetry approach fails, as alluded to in Section
2, which is not the case here.

2 Theoretical Basis for Modified
Symmetries

Smart symmetries, or modified one-parameter lo-
cal point symmetries in this case, or simply mod-
ified symmetries for short, is a new concept that
we are introducing, and want others to try. It is
for this reason that we see a need for more depth
and details. We first present the traditional ap-
proach.

2.1 Traditional symmetries

By Traditional symmetries here we are referring
to local one-parameter point transformations, and
not all symmetries in general. A broader discus-
sion would take a lot of space. In here, we dwell
on symmetries that apply to second order ordi-
nary differential equations.

To begin, we first define a group.

Definition 1 A group G is a set of elements with
a law of composition ¢ between elements satisfying
the following axioms:

(i) Closure.  For {Gi,G2} C G, we have
(Z)(Gl, Gz) € d.

(ii) Associativity. For {G1,G2,G2} C G, we
have $(G1,9(G2,Gs)) = #(¢(G1,G2),G3) €
G.
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(iii) Identity. There exists Gy € G, such that
d(Go, Gi) = ¢(Gi, Go) = G, for every ele-
ment G; in G. The element Gg is called the
identity element of G.

(iv) Inverse. There exists G;' € G for ev-
ery G; € G, such that qS(G;l,Gi) =
(G, G;Y) = Gy € G. The element G

is called the inverse of G;.

That done, we next turn to group of transfor-
mations.

Definition 2 Let

X =1 (x;€) (4)
be a family of invertible transformations, of points
x = (z!,---,2V) € D ¢ RY into points X =

(z',---,zY) € R ¢ RN, with the parameter € €
S C IR. These are called one-parameter group of
point transformations if the following hold.

(i) For each € € S, we have the transformations
being one-to-one and onto D, meaning D is
not different from R, as x!¥ is not different
from V.

(ii) The set S is a group, say G, with ¢(e,0)
defining the composition law.

(iii) The case X = x corresponds to € = €y: The
identity element of G. That is,
()

X|e=ey = X.

or,

(6)

(i) If x = (x;5€) and X = 1) (Xx;0), then
X = (0 (X§ d)(ev 6)) :

Theorem 1 Lie’s First Fundamental Theo-
rem: There exists a parametrization T(€) such
that the Lie group of transformations is equiva-
lent to the solution of an initial value problem for
a system of first-order ODFEs given by

dz _
X _e@), ”)
with .
X
E e = X. (8)
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2.1.1 Local one-parameter point trans-

formation groups

The transformation can be expanded using the
Taylor-Maclaurin series expansion with respect to
the parameter. That is,

6=0>

e walf?6] Y, ¢ (e
o o 2 \ Oe?

e
) +0(€2).(9)

+--=X+e 8£
N Oe

€=

Letting
_0G

f(X) - E ’ (10)

e=0

reduces the expansion to

x=x+e€(x)+0 (). (11)

Definition 3 The expression
X = x+ e (%), (12)

1s called a local one-parameter point transforma-
tion.

The set G is a group since the following prop-
erties hold under binary operation +:

1. Closure. Ifx,,X., € G and €1, €2 € IR, then
Xe, +Xey = (61 —i—ég)f (X) = X € G, (13)

and
€3 =¢€1 + € € IR. (14)
2. Identity. If xg = I € G such that for any
ec R

Xp+ X = X = X+ Xp,

(15)
then Xq is an identity in G.

3. Inverses. For X, € G, € € IR, there exists
%1 € G, such that

!l 4x = x X1, (16)
and €' = —e¢ € D, where + is a binary com-
position of transformations and it is understood
that x. = X — x. Associativity follows from the
closure property.
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2.1.2 The Lie operator

For the
multivariate function ¢ = ¢ (z',---,2V;¢), the
expression (12) can be rewritten in the form
Oox
X = — 17
X=x+ efax, (17)
or
7t = (1 + e 0 > zt (18)
ox’ ’
That is,
' =(1+e V)2, (19)
where € = (€1, ¢N). That is,
7' = (1+eX)a', (20)
with
N v D
X =) & . 21
I - )

This operator is the symmetry generator.

2.1.3 Prolongations formulas

The operator X is not adequate generating sym-
metries for differential equations, where it applies.
This, however, can be remedied through prolon-
gations.

The case N = 2 has 2! = 2z and 2? = y so
that

X = 5(91:,31)2 +n(x,y) 0 (22)

Ox dy’
In determining the prolongations, it is convenient
to use the operator of total differentiation

0 0 0
D —- ! "= .. 23
where p 2
r_ 9y o _ 4y
y - d.’Ej d$27 (24)

The derivatives of the transformed point is then

Ly

V= (25)

Since

T=x+€e and §=1y+ en, (26)

then
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,  dy+edn

dx +edé’ (27)
That is,
_, _dy/dx + edn/dx (28)
 dz/dx + ed€/dx’
Now introducing the operator D:
o _ Y +eDm) _ (Y +eDm)(1 —eD(§))
1+eD(¢) 1—€(D(6))?
(29)
Hence
g = YD) —y'D©) — EDODM) 4,
! 1= (D(e)? |
That is,
g =y +e(Dn) —y'D(E)), (31)
or
g =y +eC, (32)
with
¢t =D(n) —y'D(&). (33)
It expands into
0 0 0 0
1
¢ = <ax +y 8y>?7 y (893 +y 8y)£ (34)
so that
=t Oy~ &)Y~y (35)
The first prolongation of X is then
0 0 0
1 — il il 1
X0 =¢&(2y) 5 +alz,y) ot oy (36)
For the second prolongation, we have
o y” =+ €D(<1) S/ 2
with
¢ =D(¢") = y"D(&). (38)
This expands into
CQ = Nzz + (277:173; - gww)y/ + (nyy - 2fmy)y/2
Y&y + (ny — 260 — 3Y'6,)y" (39)
The second prolongation of X is then
0 0 0 0
2] _ Y v 19 2
(40)
E-ISSN: 2224-2902
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2.1.4 Invariance

Theorem 2 A function F(x,y) is an invariant
of the group of transformations if for each point
(z,y) it is constant along the trajectory deter-
mined by the totality of transformed points (Z,7):

F(z,9) = F(z,y). (41)
This requires that
XF =0, (42)
leading to the characteristic system
?:?. (43)

Proof. Consider the Taylor series expansion
of F(x) with respect to e:

oF
bl e (44
e (44)

e=0

This can be written in the form

(8:1: OF 98y 8F>
+ + ==

Oe 0  Oe Oy —o
(45)
That is
_ oF  OF
F(z,9) F(x,y)+e< 5 +778y> E:0+~-,
(46)
or
F(z,9) = F(z,y)+e (58 + a) Fte--. (47)
Hence )
F(z,9) = F(x,y) + eXF, (48)
with 5 5
X=8o "5y (49)
This means if XF = 0 we have
F(z,9) = F(z,y), (50)

which concludes the theorem.

2.2 Modified Symmetries

The modified one-parameter point symmetries
and their properties reduce to the regular one-
parameter point symmetries when w — 0. This is
an infinitesimal parameter that we shall introduce
and associate with them.
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2.2.1 One-Parameter Point Transforma-

tions

We build our discussion on smart symmetries
from the following definition on . There could
be could be some confusion because at some in-
stances they seem to resemble , at other cases
the one-parameter transformation view emerges.
They also seem to be wedged between the two.

Definition 4 Let
X =X (X;05€) (51)

be a family of two-parameters {e,0} C R
invertible transformations, of points X =
(#Y(z;05€),- -+, 3N (x;55€)) € RN into points x =
(#1,---,&#N) € RN. These we call Neo one-
parameter point transformations when subjected
to the conditions

X (X;0:¢)| =X, (52)
e=0
and
Zlsmo = x. (53)
Furthermore,
X (X;de)| =X, (54)
6=0
so that
X (ia 5a 6) =X, (55)
6=0,e=0
for x = (z! V) e RY and x =

It should be obvious that these transforma-
tions are the regular two-parameter point trans-
formations when the parameter both parameter e
and § assume zero values. That is,

X (X;5¢) =X, (56)
e=0,6=0
or best expressed in the form
X (X;0;€) =X. (57)
€=0,6=0

They reduce to the one-parameter point transfor-
mations when the parameter ¢ is absent from the
definition.
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2.2.2 Modified local one-parameter group
generators

In IR?, we have x = (¢;1), while X = (&,%) and
X(0) = (Z(6); §(3)), so that

= ¢ (2(5),5(9), €)

8¢

(58)
and
y=1(2(0),9(9),€) (59)

Expanding (58) and (59) about € = 0, in some
neighborhood of € = 0, gives

L oG )
i =30) + 5 B +0 () (60)
That is,
PR L I e +582G
e |5 Oe 5=0,6=0 9edd 5=0,6=0
(61)
This becomes
T=x+ eaaG + 5%}[ . (62)
€ 15=0,e=0 € ls=0
Letting
oG
£=22 (63)
€ 6=0,e=0
and
- OH
5=0

gives the modified local one-parameter point
transformation

I =x+ el + 0€, (65)
leading to the symmetry generator
N
- N S
X = b4 =g .
;;(5+65)8ﬂ, (66)

It reduces to the regular generator (21) when ¢ =
0. In the case where the ratio J/e assumes a finite
complex value, as with § = iew with w € IR being
the finite value, then the operator is simply the
complex symmetry generator,

N
X i i ) 0
t 1221 {5 (xl’.”’xN)+1’w§ (331,-~-,;1;N7w):| %v
(67)

otherwise it collapses into the regular symmetry
generator.
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2.2.3 Symmetry groups

An interesting property of symmetries A =
{Xl, Xo, -+, Xy} is that they also form a group,
provided w —> 0. That is, the satisfy the following
group properties:

1. Closure. If X;,Xs € A , then
Xl o Xz = Xg S A
2. Identity. If Xo=IT€ A

XOOX' = ~i == XiOXo, i:1,2,...,n
then X is an identity in G.
3. Inverses. For X; € G, i=1,2, ...n, there

exists X! € G, such that
X;l OXZ' - XiOX;l
with

X' = X,

)

i=1,2,...n,

where o is a . follows from the .

2.2.4 Invariance

Theorem 3 A function F'(X) is an invariant of
the group of transformations if for each point x
it is constant along the trajectory determined by
the totality of transformed points X:

F(x) = F(x). (68)
This requires that
GF =0, (69)
leading to the characteristic system
di?! diN
ar _ . _er (70)
¢! &N
Proof. Consider the of F(X) with respect to
€
. N OF
F(x)=F(X) +e—| +---. (71)
e=0 e e=0
This can be written in the form
OX o
FX)=F&)| +em vF +--. (12
e=0 Oe _
e=0
That is,
F(x)=F&)| +e-vF +---. (73)
e=0 e=0
For € = 0 then we get
F(x) = F(x)), (74)

thus proving the theorem.
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2.2.5 Prolongations formulas

Since

FP=x+4+e+66 and j=y+en+0i, (75)
then
7 = w (76)
dx + ed€ + 0d€
That is,
o dy/dx + edn/dx + 6dn/dx (77)
dz/dx + ed€ /dx + 6dE /dx
Now introducing the operator D:
o y' +eD(n) + 6D (78)

1+ eDE+6DE

Normalising the denominator:

(Y +eD(n)+6Di\ (1 —eDE—5DE
Y=\ 1 tepe+oné ) \1—epc—6sDé)
(79

g = Y +dDm —y'DE)+3DG) —y'DE)]
1 —e2(D(€))? - 82(D(£))? — 2¢6(DE)(DE)

4 —D(€)D(n) — 8*D(€) D(7) _

1 - (D(€))? — %(D(£))? — 2e5(DE)(DE)

(80)

§ =y +e (D) -y D(E)] +w[D() — y DE)])

(81)
That is,
7 =y +eDn+wi) —yDE+wE)), (82)
or
§ =y +e, (83)
with
(' =D(n+wij) —yDE+wE).  (84)
It expands into
s ) )
¢t = ((%—Fy'%) (n 4 wn)
) )
o (5o +1/50 ) €+l 69

Volume 13, 2016



WSEAS TRANSACTIONS on BIOLOGY and BIOMEDICINE

so that

¢ = (-t wi)e + [0 +wi)y — &y —y(E+wb)y.
. (86)
The first prolongation of X is then

- o 0 ~ 0
Xm:f(m,y)a—x—i—n(x,y)a—y—i—gla—y. (87)

For the second prolongation, we note that
since

F=z+e+06 and § =y + el (88)

then

g// _ y” + ED(Cl) _ (89)
1+ eD(§) +oD(§)

i — ( y" +eD(CY) ) (1 — eDE — 5D£>
1+eD(€) +0oD(E) ) \1—eDE —6DE
(90)

L (y” i eD(él) (1 —eDE — 5D§)

" 1- (D(E)2 — (D(E))? — 2e8(DE)(DE)
(91)

7' = (y" + eD(@) (1 —eD¢ — 5D£) . (92)

7' =y —e[D(C) —y'DE+wd)].  (93)

with

¢* =D(C") — y'D(& + wi). (94)
This expands into
3 = [t wiles + (200 + wiley — €+ waa) ¥/

+ ([77 + wilyy — 2[€ + Wg]xy) ?//2

+ (In+ willy — 20 + wéle — 3y/[€ + wily ) ¥
—4 € + wélyy- (95)

The second prolongation of X is then

5 0 0 0 -
X[Q] :é(x,y)%+n(m,y)@+C1@+C2 y//'
(96)
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2.3 A Simple Formula for Generating
Modified Symmetries

The theory that we have just discussed in the pre-
ceeding section could be daunting to some. For-
tunately, there is a simple procedure that can get
one started. Consider the expression

bx + a, (97)

that one usually encounters when investigating
differential equations of the order two and above
for symmetries. We will now show that it can be
presented in the form

bsin(iw[x + 3]

iw ’ (98)

for w — 0. We will show later in the paper how
it leads to the symmetries. In this section we
concentrate on how it comes about.

2.3.1 Euler’s ansatz

Leonhard Euler (1707-1783), investigated differ-
ential equations of the form
aoij + boy + coy = 0, (99)
using the ansatz
y=e, (100)

for solutions. Here y = y(z), with constant coef-
ficients ag, by and cg.
He concluded that

b, ) ] )
e 20" (Ae % + Be¥™), bj > dagco,

y= A+ B:L', b% = 4a000,
b
e_ﬁm (A COS((:J-TJ) + Bsm(d}m)) ,bg < 4agco,

(101)
where \/7
b% — 4@000

I S 102

w 2ap ’ ( )

and A and B are constants.

That is, Euler determined three solution com-
ponents: y; for bg > dagcg, yo for b% = 4agcy and
ys for the case b% < 4dagcey.

These work well in practise and still find ap-
plications today, but they are mathematically un-
sound.

My belief is that he allow inconsistency to
pass on based on the success of the formulas.
Unfortunately, this has an enormous amount of
work hinged on the error, and in some cases sub-
sequently leading to cul de sacs.
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2.3.2 Continuity issues

It is hard to believe that the great Euler did not
notice the discontinuity in solutions. That is,

lim (y1 —y2) # 0. (103)
w—0

Also,
lim (5 — o) # 0. (104)
w—0

Maybe he may have thought this to be an
inconsequential little shortcoming, but in prac-
tise these cases are always avoided consciously
avoided because of the catastrophes that have
arisen around them in the past. The collapse of
the Tacoma narrows bridge is one example. Math-
ematically a lot of good can result from solving
equation (99) exactly, such as what I am on about
in this work.

2.3.3 An exact solution
To get an exact formula, first let

y = Bz,
with f = f(x) and z = z(z), so that

j =Bz + Bz,
and ) _
ij = Bz + 283 + B5.
These transform (99) into
ag (Bz + 232 + ﬁz) + bg (ﬂz + ﬁz) +cofz = 0.
That is,
%&+@%B+m@z+@ﬁ+m5+m@z:0.
_ (105)

Choosing f to satisfy 2a9f + bgS = 0 simplifies
equation (105). That is,

ﬁ = 0006 @0,

for some constant Cpy. Equation (105) assumes
the form

. aoB + boB + cof8
z — z.
apf3
That is,
. <b(% - 4a000)
=]
4ag
E-ISSN: 2224-2902 59
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But Z can be written as Zdz/dx. Therefore,

. dz b% — 4&060
Z— = —s | 2,
dz 4a3

or

That is,

£2 2 2

Z bg — 4apco \ 2

oo (T E0)E o
2 ( 402 g o

for some constant Cp;. That is,

b — dapcp | 22
- | =+ C
\J < 40% 2 + 01,

dz

b2—4
(=) 2 260

dz ] b% — 4agcg I
—— = |-—— dx,
\/ A3y — 22 dag

. b—4
with A3, = 2Co1/(/—2 4(%000. Hence,

z:

or

= dx.

That is,

2001

bg—4a060
- 2
dag

R —4
xﬂn( —ngmx+cm>m%)
4ag

for some constant Cyo. That is,

—bo 2001

y = Cpoe?o”

bg —4agco
- 2
4ag

b2 —4
s sin (, |t danco coz> (107)
dag
_ b% — 4&000
CEANTT
dag
we have

22T 9001 e [~
y = Cpoe?0 " =2 sin (w x + Co2) ,
or

y =

Letting

—b

Cgoeﬁgx 2Co1 [MCOS((D x) +

w
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cos (Co2) M]

A reduction to the trivial case §j = 0 requires that
sin(Cop2) = Cos sm(w) and cos(Cpz) = Cog cos(w).
That is, C35 + 004 = 1. Hence,

€

- 757 Cos sin(@)
y = Cpe®0” 20y [B=—cos(wz) +
Cog cos (@) S‘n(wfwx)]’
or simply
Yy = Cooe 2a0 2001 003 Sin ((D} COS ((I) x)
w
—bg C . _
G 90y, CHSE@ D) g

It is very vital to indicate that if the parameters w
in the denominator and sin (w) are absorbed into
the coefficients Cp; and Cps, then formula (108)
would reduce to one of Euler’s formulas. But
the consequences would be fatal, as formula (108)
would not reduce to y = A+ Bz when by = ¢y = 0,
that is, when w = 0.

2.3.4 The formula

The analysis of determining equations in symme-
try analysis always involve equations of the form

£ =bx+a, (109)

similar to the second result in (101). The solu-
tion obtained in Section 2.3.3 suggests it can be
written in the form

¢yttt £ ) (10

subject to w = 0. This formula provides an easier
way of generating modified symmetries.

3 A Lie group symmetrical ap-
proach

3.1 The classical approach

We seek here a continuous group of transforma-
tions for the equations (1), (2) and (3) through a
generator

1 0 a+ 3.9 .(111)

Y o= v T T g

0
Sor
The operator Y, is the prolongation of Y and is

~ 0 0 0
Y = Y+ + (2 + 3 112
(— £ C G —= o (112)
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where
G = Din') = VDy(),
P o= D) — IDy(€),
1= Du(n®) = TDy(€).

(113)
with the operators of total differentiation
Dy, D,, Dy and D, given by

0 0 0
D = —4+V—+V—
TR AT
0 0
= +1—
MR TR
a0 .0
T—+T— 114
+ To 5 + (114)
This gives
G =l +Vay+Ing +Tnp
—V (& +Vey +1& +Ter) (115)
& = 0+ Vi + Ing + Tz
—1(&+ Vv + 1¢ + T¢r), (116)
G = w+ Vo + Ing +Tog
~T(&+ Vv + 1& + Tér). (117)
The first invariance condition gives
n 4+ Vy + Ing +Tnp = V(& + VEy + 1+ Tér)
—pi® +ent =0, (118)

subjecting to the condition V= pl —cV separates
into the monomials

1 77151 + V(n‘l/ —&) — V2§V

—pn”* +en' =0, (119)
I :n}=VeE =0, (120)
T :nh—Vép=0. (121)

The second invariance condition gives

n+ Vi + Int +Tnf — 1(& + Ve + 1¢ + Tér)
—B(Tn* +Vn?) +on* =0, (122)

subjecting to the condition I = STV — éI and it
separates into the monomials

1 oni+ 107 —&) - I°¢

—B(Tn' +Vn®) +6n* =0, (123)
Vo oind— Ity =0, (124)
T 2 —I¢r=0. (125)
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The third invariance condition gives

n 4+ Vi + Int + T — T(& + Véy + 1€+ Tér)
(126)

+B(Tn* + Vi) +dn* = 0,

subjecting to the condition T = A= BTV — dT]
and it separates into the monomials

1+ Ty — &) — Ty

+8(Tn* + Vi®) +dn® =0, (127)
Vo= Téy =0, (128)
I 3 —T¢ =0. (129)

3.1.1 Analysis of the monomials

The determining equations lead to the following
simplified forms

v =& =¢&r =0, (130)
and

np = 0, (131)

np = 0, (132)

nw—& = 0, (133)

nt—pn°+em' = 0, (134)

ny = 0, (135)

my = 0, (136)

nf—& = 0, (137)

ni —B(Tn' +Vn’)+ 67> = 0, (138)

m = 0, (139)

= 0, (140)

ny—& = 0. (141)

4+ BTt +Vyd)+dp® = 0. (142)

these lead to the symmetries

0
Y1 = — 14
1 Ot’ ( 3)
0
_ ot
Vo= (144)

There is not much that can be done we these
two symmetries in pursuit of solutions. This is
why modified symmetries are essential.

3.2 Modified symmetries

The application of the formula (110) to the mono-
mials (134), (138) and (142) lead to the infinites-

imals
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iw (Dot + D1), (145)

), (146)
), (147)

), (148)

. [ A A
Do sin [ iw [V 4+ A0 A
Dy

~ [ Bot+B
n = Dosin<iw I—l—g

Dy
n éot:i— 01

Dg

w | T

n° = Dy sin

where Dy, D1, Ag, A1, By, Bi,Co and C; are con-
stant parameters.
That is,

nt = iw (Aot + 211) cos (iwV)

- A A
+ Dy cos (iw [M])
Dy

X sin (iwV), (149)
7 = iw (Bgt + Bl) cos (iwl)
- B B
+ Dy cos (iw M )
Dy
X sin (iwl), (150)
7 = iw (C’ot + é’l> cos (iwT")
+ bo cos (iw w >
Dy
X sin (iwT), (151)
or simply
= iw ([lot + 1211) cos (iwV)
+ Dy sin (iwV), (152)
o= iw (Bot + Bl) cos (iwl)
+ Dy sin (iwl), (153)
7 = iw (C’ot + C~’1) cos (iwT")
+ Dy sin (iwT) . (154)
These lead to the symmetries
Y, = iwtgt + sin (iwV) 5’(3/
+ sin(s I)g—l—s' (¢ T)i (155)
in (iwl) 77 + sin (i) =,
Y, = mgt, (156)
Ys = dwcos(iwV) W (157)
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Yy = dwtcos (iwV) — ETR (158)
Ys = idwcos (iwl) — 51 (159)
Yy = iwtcos (iwl) (,;9[ (160)
Y5 = iwcos (iwT) 88T (161)
Yo = iwtcos (iwT) BT (162)

The arguement used in determining the sym-
metries above was the knowledge that an expres-
sion of the form

€ =a+th, (163)
can be rewritten in the form
¢ = a¢ cos(wt /i) + bsm(wt/z) (164)

w/i

The latter reduces to the former when w = 0. For
more details on this, the reader is referred to [11]
and [12].

3.3 Invariance solutions through Y
Prolongation of Y7:

(Gt = Vicos(iwV) —1) (165)
2 = J(cos(iwl) —1), (166)
3 = T(cos(iwT)—1). (167)
dat - dv. av (168)
iwt  sin (iwV)  V (cos (iwV) —1)
tan ( iV
v (t ) = (169)
[cos( 5 )}
B e
U1 [cos( =5 [cos( =5~ )]
= = - . 170
duy _ tan “"QV) ZOJVSGCQ(%) ( )
2 t
w Sln((.iué‘i/))v2 EWVV
[cos( 255 )]3 [cos( 5% )12
v = an( @V iwV sec2(wV dU1
ot s )+ t( 5)
+ C. (171)
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This leads to

w sm( “‘éV ) il
) du cos(“‘év) [cos(“"v)P
olJlg%) v % tan “"QV sz sec2(“*év)
T T
el (172)

where the parameter C'is an integrating constant.
Similarly,

dt dI dI
T T - = = . (173)
iwt  sin (iwl) T (cos (iwl) — 1)
tan (&L ol
2 iwl
ug = S), Vg = il \12 (174)
[COS( s )]
w2sin(i I)f2 iwl
. dus [Cos( )]3 [cos(i‘;[ )}2
ilgb Vg — doo tan( I N iwl sec? (121
2 t
= 02> (175)
and
dt dT dr
T, = . = = K (176)
iwt  sin (iwT) T (cos (iwT) — 1)
tan % iwT
uz = t), V3 = T (177)
[cos (T)]
w? sin(WT)T2 n T
lim < v — % [cos( 455 )1° [cos( 4% )]2
w—0 3 dw _tan(i“éT) insec2(“‘éT)
12 t
= (5. (178)

The parameters C, Cy and C'3 are integrating con-
stants.

4 The extend variation of pa-
rameters approach

4.1 The theoretical basis

Let us begin by supposing that we are interested
in the solution f = f(z) of the differential equa-
tion

(179)

Volume 13, 2016



WSEAS TRANSACTIONS on BIOLOGY and BIOMEDICINE

A power series expansion of f indicates that
it has infinite zeroes. This assertion is forti-
fied by the fundamental theorem of algebra, as
proven, amongst many others, Joseph-Louis La-
grange (1736 — 1813). If we now where to suspend
the fact that we are talking about zeroes, and see
these discrete elements of set A. That is, A =
{Zlv 22,23, " '}7 and B = {f(zl)7 f(ZZ)a f(Z3), T }
Interpolation theories maintain that the value
f(€) with z; < £ < z;41 can be determined with-
out error, simply because A is an infinite set.

_ In particular, we note that the zeroes of f and
f through the L’hopital principle suggests that

F"(2)f'(2) = £(2) /P (2)

Solving this expression generates what appears
to be constants. They are constant parameters
only in A, because they were determined in there.
Elsewhere, like at z = £, they vary with z; similar
to the method of variation of parameters, hence
the name we chose. As a theorem, it can be ex-
pressed in the form

(180)

Theorem 4 If f = f(z) is defined on R and
analytic on D C R, and has common zeros
{21, 22, 23, - -} with f(z) in D, then the differen-
tial equation

F(va(z)vf(z)7 o

1s compatible with

) =0, (181)

FO ) () = f(2) f Y (z) = 0. (182)

The proof follows through Lipschitz’s bound-
edness conditions and L’Hopital’s principle.

4.2 The solutions

Combining the equations (1), (2) and (3) into one
gives

with I and T determined by

E-ISSN: 2224-2902

63

Jacob Manale

- V—i—cV’ (184)
p
and
I+6I
T = ) 185
o (185)

4.2.1 An Eulerian approach

To use the formula Leonhard Euler (1707-1783)
introduced more than two centuries ago, but still
popular today, in solving (180), we first express it
in the form

Ve v

= (156)
It integrates into

V=0V, (187)

where C' is a constant. At this, Euler would re-
quire us to let

V=e" (188)
so that
V =re”, (189)
These then lead to two solutions. Namely,
V= e VC2 (190)
and
Vy = eV0, (191)
so that the general solution is
V =C1Vi + CoVa. (192)
In the event C' = —w?, the two solutions have the
form
V3 = cos(wz) (193)
and
V) = sin(wz), (194)
so that
V = C3Vs + CyVy. (195)

But there is something wrong with these solu-
tions. For example, it should be logical that when

C = 0 we should have
V=V. (196)

Unfortunately this does not result. Hence our
preference on the solution in the next subsection.
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4.2.2 An exact solution to (187)

Equation (187) can be expressed in the form

<C;V> dV = CVdV. (197)
That is,
av
dV = Cvdy, 198
(%) (198)
or
VdV = CVdV. (199)
Introducing the integral signs:
/ Vav = / vav, (200)
and it gives
V2=CV?+ B, (201)

where Bj is an integration constant. Integrating
further, we first separate the variables

dV
— =, 202
CV? + B; : ( )
so that
/ LB = / VCdz. (203)
NALES -

For C' = —w?, we have

/dV = /—wdz, (204)
ENE
or
/ dwv/vB ] - / —wdz.  (205)
\/1 — [WwV/VBy
This gives
wV
ArcSin () =—wz—¢ 206
VB 200
where ¢ is an integration constant. Hence,
o Snwz+9) (207)
w
for /By = —a. This is our exact solution, for
which
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asin(¢) cos (wz)

Vi = 2
1 w ) ( 08)
and
Vs — _acos(¢)sin (wz)7 (209)
w
meaning the general solution is
V =C1Vi + CoVs. (210)

We shall now demonstrate how a and w can be de-
termined through the solutions obtained through
the Eulerian approach.

The parameters C7 and Cy follow from the
initial or boundary conditions of the model. The
quantities ¢ and w, on the other hand, are not
necessarily constants. To determining them using
(216), for example, we note that the roots of V'
are also at V = 0. This simply means within the
set A, we have
(211)

Vi = —awsin (wz) = —aw,

and
Vl(S) = aw?sin (wz) = aw?®. (212)

Substituting (211) and (212) into (183) gives one
of the equation that eventually determines a and
w. The second equation is obtained by differenti-
ating (183).
Two valus of w results
ic+1id — Sqrt[(—ic — i6)? + 4cf]

wy = 5 (213)

ic+ 0 + Sqrt[(—ic — i8)? + 4cf)

5 (214)

w3 =

The value of a corresponding to w = wy is

N

a=5 (215)

where
N = 1/4(=((20)/(pB)) — (20)/(p))(ic +
i0 — Sqrt[(—ic — i8)* + 4cd])? + 1/4((20)/(p )+
(26)/(pB))(ic +i6 — Sqrt[(—ic —i0)? + 4¢d])? + A

and

D = (icd)[p + 1/2(=(c/p) — 6/p)(ic + i —
Sqrt[(—ic—1i0)? +4cd]) — (i(ic+i6 — Sqrt[(—ic —

i0)2 + 4¢d))?) /(4p).
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vinspatides -+

infected calls -+ "

uninfected odlls - "

Figure 1: Plot of free virus particles (V'), infected
cells (I) and uninfected cells (T") against time (t),
using results obtained through Euler’s method.

infected cells

Figure 2: Plot of free virus particles (V'), infected
cells (I) and uninfected cells (T') against time (t),
using exact results.

The solutions (216) and (217) follow from the
well-known Euler ansatz of letting V' = exp(rz),
and then solving for r. It is not accurate, espe-
cially for small values of r. The exact results are

Vi = aw cos (wz) , (216)

and

(217)

Euler’s method is popular and widely accepted
that it can’t simply be wished away. We shall
therefore plot both, and point out the contrasts.

5 Conclusions

The objective of the study was to solve a sys-
tem of equations that explain blood dynamics in
patients who had undergone an organ transplan-
tation. The equations were found to be solvable
through the tools we proposed.

To take our results to the level where they can
find applications in medical care, we require to de-
velop another model below what we already have.
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This secondary model will be expected to give
interpretations at molecular and elements level,
electro-dynamically.

The purpose for this further development
would be remote sensing. A type of technology
that would monitor the transplanted organs in pa-
tients from the comfort of their own homes, and
at any time.
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